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Introduction

Can you defi ne what quantity or magni tude i s? Undoubt edl y you can
provi de examples of quantities, but what is quantity as such? Al nost
universally, the definition is assuned to be self-evident and,
therefore, far fromevi dent. Hegel hinself conplains that, in comobn
mat hemat i cal di scourse, "[a] magnitude i s usual ly defi ned as that which
can be i ncreased or di m ni shed." (186) This, Hegel finds, is alousy
definition. What does "i ncrease"” nean? It means "nmake t he magni t ude
nore." What does "di m ni shed" nean? It neans "nake t he magni tude | ess. "
Hence, covertly the word defined ("magnitude") appears in the
definition. Nothingis|earned fromsuch a definition, except that
magni tude i s magni t ude.

Hegel will provi de a nmassively detailed definition, whichwll be
i mportant for phil osophy and jurisprudence in many ways. Lawyers are
constantly involved in "balancing” tests, in which "factors" or
"policies" are "wei ghed" agai nst each other. Wthinthe lawschools,
the | aw and-econom cs nmovenent thinks that preferences can be
aggregated. Such assunptions presuppose the possibility of a
gquantitative rel ation between di verse qualities. Wit i s the nature of
t he quantitative relation on which t hese di scourses depend? These are
i ssues for which Hegel will provide concrete answers.

This article--secondinaseries of nine--explicates Hegel's
theory of Quantity fromhis the Science of Logic.! The articl e conti nues
a series of pictographic conventions devel opedinthe earlier essay.?
According tothis conventional system logicis dividedintothree
di stinct nmoves, which repeat thenselves over and over.

First, thereis the nove of the Understandi ng. The Under st andi ng
triestoconmetogripswthall the previous steps of the Logic that
have preceded. It proposes a unified definitionof its own | ogical
hi story. At first, it seized upon what seened immediately true about
its past. This was portrayed, for exanple, in Figure 2(a), inwhichthe
Under st andi ng i nterpreted t he concept of Becom ng as Det er ni nat e Bei ng. 3

[AIl illustrations are set forth at
the end of this manuscript.]

L' Al nunbers in parentheses refer to page nunbers from Gecrc
W F. Hece, Hecl' s Saence oF Laac (A.V. Mller trans. 1969). | have
also omtted ellipses at the end of any quoted phrase. An ellipsis
signals that a sentence does not end with the quoted words. Hegel's
sentences, however, never end, and so ellipses convey no useful
i nformation.

2 David Gray Carl son, Hegel's Theory of Quality, 22 CarRbazo L.
Rev. 425 (2000).

3 1In general, capitalized terns indicate that the term has won a
place in the official steps of the Logic. For exanple, in Figure
2(a), Becom ng, Pure Being, Pure Nothing, and Determ nate Being are
all official steps. In contrast, "being-within-self"” or "concrete"
are common terns for Hegel, but they do not appear in a "Figure."



Figure 2 (a)
The Move to Determinate Being*

I nthe above draw ng, the Understanding pulls aprior "mddleternt
over tothe left side of the page. The | eft si de of the page stands for
"being." The right side of the page stands for "nothing."

Noti ce that t he Understandi ng has distorted[7]. It has rounded
it out and, inthe course of doing so, has ignoredthe segnents | abel ed
[4, 5, 6]. The Under st andi ng t heref ore suppresses the truth of the
prior mddle term It has privileged i medi acy over mediation.

Di al ecti cal Reason, however, brings history to the fore.
D al ecti cal Reason proves that t he Under st andi ng suppressed nedi ati on,
shown as [4, 5, 6]. It thereforereads double; it is "dia-lectical."
Hence, we have:

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 2 (b)
Quality and Negation

In Figure 2(b), Dialectical Reason speaks fromthe positionof [2]. It
isthe concept's own "immanent" voice. InFreudianterns, it isthe
unconsci ous voi ce of the Understandi ng made manifest. Ineffect, [2]
stands for the suppressed history of Determ nate Being.

Wien Di al ecti cal Reason [2] speaks, it differentiatesitself from
the Understanding [1]. Being different, it inplies aradical otherness
fromthe Understanding. [2] therefore generates [3]. Positioned onthe
ri ght side of the page, [3] is on the side of nothingness. It is
Negation--radically other to Quality.

By enphasi zing di fference, D al ectical Reasonreplicates the error
of the Understandi ng. Just as [ 1] was denounced as fal sely "i nmedi ate, "
[3] islikew sejust as i medi ate and di verse as [ 1] was. Suddenly, we
cannot di stingui sh bet ween t he Under st andi ng and Di al ecti cal Reason.
Negationis just as determ nate a bei ng as Det er mi nat e Bei ng was. The
m nd passes back between t he t hought of Quality and t he Negati on of
Quality.

Specul ati ve Reason nanes t he novenent between t he t wo ext renes of
t he syl |l ogi sm Specul ati ve Reason sees that the only thing that Quality
and Negati on have i n cormon i s ceasel essmovement. [1] isreally [1,
2]. [3] isreally[2, 3]. The novenent between [ 1] and [ 3] depends on
[2]. The mddle term seizes upon [2] as the identity between
Determ nate Being and the Negation of Determ nate Being.

[AIl illustrations are set forth at
the end of this manuscript.]

4 A "Figure" denotes an official step in the Science of Logic.
The "(a)" in Fiugure 3(a) denotes a draw ng of the Understandi ng. The
"(b)" in Figure 2(b) will denote the position of Dialectical Reason.
The "(c)" in Figure 2(c) will denote the conciliatory novenent of
Specul ati ve Reason.



Figure 2 (c)
Something

Specul ati ve Reason sees that [2, 4] nmediates [5] and [6]. [4, 5,
6] shoul d be vi ewed as active. The nanme Specul ati ve Reason gi ves to
[ 4] - - as t he novenent between [5] and [6]--isitself astatic thought.
This stasisisrepresentedby [7], whichis preciselyinthe mddle of
the page. Static [7] is the speculativereturnontheinvestnent in
anal yzing Di al ecti cal Reason. As static, [7] is distinguishablefrom
active[4, 5 6]. The active contradictionis therefore "solved"--for
a nonent. But the Understandingw || stir up newcontradictions in
Figure 3(a), which Di al ectical Reasonwi || critiquein Figure 3(b).
Specul ati ve Reason again cones to the rescue to solve the new
contradiction.

Inthis process, the Understandi ng becones | ess stupid. At first
it seized upon [7] as representing Determ nate Being, only to be
hunmbl ed by Di al ecti cal Reason. It soon |l earned that Beingis just as
much Negation--an activity--asit is static Being. It begins to seize
upon the activity of Negation as the heart and soul of the universe.
Hence, we have draw ngs such as

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 3 (a)
Something/Other

Startingin Figure 3(a), negativity has snuggleditself over intothe
|l eft side of the page--the real mof Being.

Ever perverse, Dialectical Reason now begins to accuse the
Under st andi ng of privil egi ng Negati on over Bei ng--quite the opposite of
its prior accusation. Now"bei ng" has defected over to theright side
of the page--the real mof nothing. In the course of the anal ysis,
Specul ati ve Reason begins to notice that the Understandingis seizing
upon a finiteentity instead of the whole. The very nature of finite
entitiesis that they nust cease-to-be--negative Becom ng. "[T] he hour
of their birthis the hour of their death," Hegel nmenorably wites.
(129) Hegel strongly argues that afinite entity ought to cease-to-be.
That isits destiny. The actualization of this destinyisthe passage
from"reality"--whichfor Hegel is super-abstract--toideality. Being
forcesitself intothe worldof thought by erasingitself. But, being
aTruelnfinitethe erased self preservesitself. Thisis the all-
i nportant concept of sublation. Accordingtothelawof sublation, all
prior steps of the Logic are preservedinthe current step, and all
future steps are likewise inplied in the current step.?®

If the Finiteterm nates itself and passes over into non-being,
i's not non-beingjust as Finite as the original Finite? Must not this
“"finite" Infinite |likew se pass over into its other? This is the
Spurious Infinite, anot her sensel ess nodul ati on bet ween two di ver se
Finites.

Avery key nonent i s Figure 7(c), when Specul ati ve Reason pl ucks

5 On sublation, see Carlson, supra note 2, at 452-54.



fromthe nettle of this ceaseless turnoil the flower of TrueInfinity.

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 7 (c)
True Infinity

The True Infiniteincludesitself andits other. The True Infinite
nmanages t 0 become other while remaining itself. Thus, the True Infinite
becones trul y what destiny demands--not hi ng. The True Infinite chases
fromitself allits Being. This brings us tothe door of Quantity. In
effect, QuantityisaTruelnfinite Beingwithall its Being outside of
itself. Whorish Quantity is whatever external reflectionwantsit to
be. But it has the barest core of integrity neverthel ess.

After Figure 7(c), the Understanding | earns that it nust consi der
the unity between passive Bei ng and acti ve Negati on. Accordingly,
Figure 8(a) | ooks like this:

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 8 (a)
Being-for-self

In Figure 8(a), the Understandi ng grasps t he whol e--the positive and
the negative, the Finite and the True Infinite.

Inthe current study, all of the steps of the Understanding will
bear t he shape of Figure 8(a). The Under standi ng knows that it is a
True Infinite. It exceedsitslimts andrendersitself "other" even
whileit remains what it is. Nevertheless, withinits tenuous grasp of
thetotality, the Understandi ng may enphasi ze sone aspect of the whol e.
Therefore, to junp ahead, Figure 11(a) will look like this:

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 11 (a)
Continuity

In this drawi ng, the Understanding sees the mddle termin its
entirety. It neverthel ess slightly enphasizes [4, 5] to give character
toits proposition. It does not deny the very validity of [7] or [6] as
it didearlyinthe Logic. Theintent of portrayingthis enphasisis
that it explains acertainfeature of Continuity--the Understanding's
proposition about Quantity.

| hope this will serve as an adequate summary of what has
proceeded. Needl ess to say, areading of the Quality chapters will
vastly enrich a reading of the Quantity chapters.

In the discussion to foll ow, Hegel first investigates Pure
Quantity. This is Quantity tooprimtive for the conplex notion of
Nunber or Quantum In Pure Quantity, the concept finds out that it is
nothing. |ts Bei ng has been al i enated. The concept beginstoretrieve
its Being throughout Quantum Finally in Quantitative Relation or



Rati o, Quantity discovers it has some i ndependence from outsi de
mani pul ation. At this point, it is Measure.

I. From Quantity to Quantum

Upon reaching the real mof Quantity, a word of confort is in
order. Many readers will suffer from"math anxiety." Such readers w | |
have nothing to fear fromHegel. Wth the exception of sone notorious
(and qui t e extraneous) remarks on cal cul us, nothingin Hegel's Quantity
chapters extends beyond ordi nary al gebra or cal cul us of the nost
rudi mentary sort, know edge of which |l w |l not presuppose. Hegel was
no great believer in mathb-though his educationinit was formdable.’
In fact, he had great contenpt for its spiritual worth, as we have
al ready seen. ® Nevert hel ess, Quantity has an inportant placeinthe
Science of Logic. Inthis first chapter on Quantity (and fourthinthe
Logic),°we w Il findthat Hegel equates Pure Quantity withtinme, space
and the ego--deeply nmetaphysical ideas.

For Hegel, Quality precedes Quantity. "[H]itherto," Hegel
conpl ains, "the determ nati on of quantity has been nade t o precede
quality . . . for nogivenreason." (79) Thus, Kant fanously reverses
Hegel 's preferred order. Errol Harris suggests why:

6 Science of Logic at 120; Georc W F. HeceL, PHENOVENOLOGY OF SPIRT
T 42 (AV. Mller trans. 1977); see also CHARLES TAYLOR, HeceL 247
(1975) ("a low view of mathematics as a phil osophical |anguage").

" The details of this education are set forth in M chael John
Petry, The Significance of Kepler's Laws, i N HeEGL AND NEWONI ANI SM
439, 476-83 (M chael John Petry ed., 1993).

8 Carlson, supra note 2, at 471-73. Hegel calls mathematics a
"subordinate field." (27) He refers to the "dead bones" of
mat hematical logic. (54) Its claimto "necessity” was inadequate, and
its practitioners do nothing but ward off heterogeneity, an act
itself tainted with heterogeneity. (40) In these remarks, and many
others, Hegel will anticipate Gbdel's critique of mathematics as
i nherently contingent and subjective. See M chael Kosok, The
Formalization of Hegel's Dialectical Logic: Its Formal Structure,
Logical Interpretation and Intuitive Foundation, iIn HecL: A
CaLecTioN oF CRITIcAL Essays 237, 263 (Al asdair Maclntyre, ed., 1972)
("dialectic logic can be taken as a way of generalizing Goedel's
theorem and instead of regarding it nerely as a limitation to the
expression of consistent systens in ordinary |logical structures, it
now beconmes the starting point for a dialectic |ogic, which regards
these limtations as the essence of its structure").

9 Hegel starts renunbering his chapters after every section, so
there is no "chapter 4" in the Quantity chapters. | take the liberty
of renunmbering them Hence, we are reading chapter 4 and wl
continue straight through to chapter 6.

10| mvanvEL Kant, CrRITIQUE oF Pure Reason 104-05 (J. M D. Mei kil ej ohn
trans. 1990).



Kant gi ves quantity precedence over quality but that is
because he mai ntai ns that the categories are applicable only
to sensuously intuited experience the a priori forms of
whi ch are space and ti ne. Space and tinme, therefore, take
precedence over that whichfills them and space and ti e
are quantitative schemata .

For Kant, space and tine are added to the object by the consci ous
subj ect. For Hegel, however, space andtine are Pure Quantities, which
are derived fromthe very concept of Quality. They bel ong to t he obj ect
itself. Hence, Quality precedes Quantity. Because Quantity is derived
fromQuality, Quantity caninposeitself onqualitative Nature and, to
paraphrase, GR G Mire, Quantity is abl e to supervene on a worl d t hat
is not "wholly unprepared."?'?

In chapter 3, Quality workeditself pure. It becanme Being-for-
self--being that was utterly indifferent to otherness and hence
radically free. Yet "it cannot be concei ved of as sonething whichis
entirely without relations . . . as was t he nore basi c category of pure
bei ng. " But Bei ng-for-self found out that its otherness was entirely
outsideitself. Ironically, it founditself conpletely dependent on
othernesstodefineitself. Instead of beingradicallyfree, it was
radi cal | y unfree. One can say of Being-for-self--nowQuantity--that its
"will is infinite . . . and [its] act a slave to lim¢t."1

Quality as pure rel ati on, divorced and separate fromthe "parts”
whichisrelates, is Quantity. Quantity is devoid of all content. It is
"indifferent toits affirmati ve determ nateness."” (372) Quantity
represent the pure idea of sinply not being Quality. The job of
Quantity over the next three chaptersistorecaptureits own content.
When it succeeds, it will pass over to Measure. Quality, Quantity, and
Measure are the three parts of the Doctrine of Being. They nay be drawn
as follows:

[AIl illustrations are set forth at
the end of this manuscript.]

The Doctrine of Being
Section Two: Magnitude (Quantity)

Quantity istherefore a"rightward" | eani ng di scourse, according to our
convention of placing "being"” ontheleft and "nothing"” ontheright.
For this reason, Professor Clark Butler is correct to state that

11 Erral E. HARRI'S, AN | NTERPRETATION OF THE Loa ¢ oF HeceL 124
(1983).

2GR G Mrg, THe PHLosoPHY oF HeceL 117 (1965).

13 Gerd Buchdahl, Hegel on the Interaction Between Science and
Philosophy, in HecL anD NewronANiSM 61, 67 (M chael John Petry ed.,
1993) .

14 WLLI AM SHAKESPEARE, TRO LUS AND CrRessiDA Act 3 Scene 3.



Quantity interrupts the devel opnent of Quality.?®

Magnitude. Prior tothe conmmencenent of Hegel 's first chapter on
Quantity, thereis ashort introductory essay entitled "Magnitude
(Quantity)." There, Hegel states broadly that Quality was "the first,
i mmedi ate determ nateness.” (185) Quantity, in contrast, is

t he det er m nat eness whi ch has becone i ndi fferent to being,
alimt whichisjust asmuchnolimt, being-for-self which
i s absolutely identical wth being-for-other--arepul sion of
t he many ones which is directly the non-repul sion, the
continuity of them (185)

That Quantity is a determ nateness can be seendirectly as[4, 5 6] in
Figure 10(c).

[AIl illustrations are set forth at

the end of this manuscript.]

Figure 10 (c)
Quantity

That it isindifferent to "being" was docunented t hrough chapter 3. In
ef fect, the Understanding constantly repul sedits own content--its own
determ nateness--until it had worked itself pure.

VWhy, fromQuantity's perspective, is "being" a"limt whichis
just asmuchnolimt"? Limt, of course, has been sublated. It has
been rendered into a nere ideality--a nenory of a past reality.
Quantity thereforeis, onthe one hand, distinguishable from"being" in
general . But, onthe other hand, "being" isnolimt, and so Quantity
suffuses or "continues" into the heart of external being with no
opposi tion.

I n t he above- quot ed passage, Quantity is saidto be Being-for-
self. This is obviously true onthelawof sublation. As a Bei ng-for-
self, itisidentical with Being-for-other. Thisisjust to say that
Quantity has driven away all its otherness, and so now it has no
content of its own. The ot her nmust supply all its content. Hence,
Quantity is nothing but Being-for-other.

Finally, Quantity has repul sed t he Many Ones (whi ch wer e equat ed
inchapter 3with Attraction). But Quantity is the m ddl e ter mbet ween
Attraction and Repul si on. Hence, Quantity just as nuch attracts the
Many ones. It is "continuous”™ with them The idea of Quantity is
t herefore cl osely connected with and i ndeed is t he i dea of continuity.

Continuity. It i s worth contenpl ati ng on our own t he i dea of
continuity--recently the subject of alawrevi ewsynposi umunder the
narme of "comrensurability. " If Quantity is continuous, then we nust

15 CLARK BUTLER, HeceL' s Loa ¢ BeETweeEN Di ALECTIC AND Hi sTorY 91
(1996).

6 That is, sublation always obliterates and preserves the prior

| ogi cal steps. Carlson, supra note 2, at 453.

17 See Law and Incommensurability, 146 U. Pa L. Rev. 1169
(1998).



be i nplying that Quantity is a substance, such that it exists for
itsel f, but al soflows--continues--intoits other, sothat the other
can share inthis substance. The substantiality of Quantity coheres
with Hegel's notions. After all, Hegel has nade Quantity the m dsection
of the Doctrine of Being. It nmust therefore be sone speci es of "being."
Quantity, however, is|ikew se very negative--though, on the | aw of
subl ation, full of inherent positivity. If all "things" contain
negativity, then Quantity has continued fromitself into these things.
Quantityis, inshort, the "universal" that all things havein conmmon.
For this reason, all "things" are "comensurable.” Thisis thetruth of
Di al ectical Reason, which reigns suprene in Hegel's theory of Quantity.
But negativity is only one side of the story. Hence, all "things" are
just as much i nconmensurabl e.

The [ awrevi ew synposi umon comrensurability entirely msses this
poi nt. What we find thereis agroup of scholars still caught inthe
dogma of self-identity. Each side can only assert a one-si ded vi ew.
Thus, one group t hi nks things are uni versal |l y conmensur abl e. These are
theutilitarians, who wi shto assert that preferences can be wei ghted
and aggr egat ed, by virtue of sonet hi ng universal withinthat "thing"
t hey cal | preferences.  What commensur at es for these schol ars i s noney.
Everything has its price. Wthout this comrensurability of utilitiesin
noney, their so-called "policy science” wouldinstantly inpl ode. Hence
t he dogmati c passion for comrensurability.

The opponents of utilitariani smare rights-based dognmati sts who
insist that certain"things" are so sacred that they share nothingin
comon wi t h ot her things. Thus, human di gnity cannot be sol d for cash. *°
These theorists are what Hegel, in chapter 1, called "pantheists."”

Bot h sides suffer fromself-identity. The utilitarians insist that
preferences are quantities--compdities whose difference can be
di ssol ved i n the uni fi ed nunéraire of noney. The qualitative aspect of
preferences is sinply denied. The rights-based |ibertarians insist that
certain val ues--chosen on an ad hoc basis according to the | aw of
sentimental ity which covertly governs their discourse--are conplete
qualities. The comrensurabl e si de of these sacred val ues i s sinply
deni ed. Each si de can only shout sl ogans at the ot her side. No sol ution
i s possible, and so the | awrevi ewsynposi umnust be count ed what Hegel
woul d terma Spurious Infinity.?20

18 Perhaps the fringe extreme of this viewis represented by
Eric A. Posner, The Strategic Basis of Principled Behavior: A
Critique of the Incommensurability Thesis, 146 UPA L. Rev. 1185
(1998), who goes so far to suggest that the very attribution of
i ncomensurability is a strategic trick to obtain comensurable
advant age over their fellows. Incommensuration is itself thus nmade a
commodity commensurable with all other commpdities. 1d. at 1208.

19 Cass R Sunstein, Incommensurability and Valuation in Law, 92
Mc+ L. Rev. 779 (1994).

20 Hegel pointedly denounces such thinking | ater on when he
remar ks:

[ Plroceedi ng analytically, [compDn sense] now extracts



Hegel provides the solution. Each sideis partly right. Human
val ues are commensur abl e, because they are i n part negati ve and hence
guantitative. The negative substance Hegel calls Pure Quantity
continuesinall discrete things--includingthethingstherights-based
libtertarians identify as sacred. Likew se, human values are
i ncommensur abl e, because they areinpart positiveentities, just as
the rights-based theorists insist.

Where does that | eave Hegel on the issue of human rights v.
utilitarian contenpt for rights? | think Hegel woul d recogni ze t hat
eachintuitionhasits nmonent. Hurman rights are prior. They set up the
boundari es i n between which utilitarian cal culationis perm ssible and
legitimate. Utilitarian cal cul us can never be permttedto set its own
boundaries. It nmust not deci de who |lives and who dies, or whois a
sl ave and who is free, but it m ght governinrelatively uninportant
human i nstitutions, such as market exchange. Howshal |l the borderline
between rights and utilitariani smbe di scovered? I nthe Philosophy of
Right, Hegel makes cl ear that Logi c provi des no cl ear answer. Rat her,
customand traditi on nust set the border. It is useless for theorists
t o deduce the | ocati on of these borders frompure theory. Inshort,
Hegel isultimately a pragmatist inhis politics, but, of course, when
he phi | osophi zes, he operates according to the dictates of necessity.
Pragmatic politics is, in contrast, rife with contingency. 2!

Quantity's Indifference. To continue our anal ysis of Hegel's
i ntroductory essay on nmagni tude, Hegel rem nds us that, at the end of
chapter 3, Being-for-self has been forcedto admt that it is the
ultimate Being-for-other: "that whichis for itself is nowposited as
not excludingits other, but rather as affirmatively continuingitself
into it." (185)

Quantity is therefore "otherness in sofar asdeterminate being

especially identity and then also again obtains difference
alongside it, is now a positing of |ikeness and then also
again a positing of unlikeness--|ikeness when abstraction
is made fromdifference, and unli keness when abstraction
is made fromthe positing of |ikeness. These assertions
and opi ni ons about what reason does nust be conpletely set
aside, since they are in a certain neasure nerely
historical, the truth is rather that a consideration of
everything that is, shows that in its own self everything
isinits self-saneness different fromitself and self-
contradictory, and that in its difference, in its
contradiction, it is self-identical, and is in its own
self this nmovenent of transition of one of these
categories into the other, and for this reason, that each
isinits own self the opposite of itself. (412)

2L In warning that philosophers are not |licensed to nake policy
suggestions, Hegel wote: "Plato could well have refrained from

recommendi ng nurses never to stand still with children but to keep
rocking themin their arns; and Fichte |Iikew se need not have
perfected his passport regulations . . . " GEoRGW F. HeceL, ELEMENTS

OF THE PH LosoPHY oF Riair 21 (Allen W Wbod trans. 1993).



again appearsinthis continuity.” (185) O course, determ nate bei ng
i s the archetypi cal node of D al ectical Reason. Hence, Quantity cannot
be a determ nate being unless thereis an other i nto which Quantity can
conti nue. Wien t hi s ot her appears, Quantity's determ nateness will no
| onger be"inasinpleself-relation.” (185) That is, therelationwl|
be overtly arelation with an external other. In this relation,
Quantity "is posited as self-repelling, asinfact having the rel ation-
to-self as a determ nateness in another sonmething (which is for
itself)." (185) Or, inother words, Quantity will say, "I amnot ny
radically external other." It will refusetorecognizeitself inthe
"ot her sonething,"” but this refusal to recognize is the ultimte
recognition. Hence, Quantity is aslavetothe other; only this other
is truly "for itself."

Quantity andits other will pose as nutually indifferent to one
anot her (whichisalie, of course). Fromthis perspective of utter
i ndependence, bothentities are "indifferent, relationlesslimts
reflectedintothenselves.” (185) Inthis pose, each entity can say
that "determ nateness in general is outside itself." (185) These
external determ natenesses are external "sonethings,” w th which
Quantity (inthe fal se pose we are now consi dering) has not hing to do.
Yet Quantity is alsoindifferent toits ownLimt and so continues into
t hese external sonethings. This indifference "constitutes the
quantitative determ nateness of the sonething."” (185)

Preview. Hegel next give a preview to the first chapter on
Quantity. As al ways, the true denonstration of these i deas nust await
their detailedunfolding. It is not expected that thereader will fully
grasp the inport of the preview that follows.

First we have Pure Quantity. Thi s nust be di stinguished fromits
nor e conpl i cat ed stage--Quantum The chal | enge here i s to renenber that
Quantum--i.e., "Nunber"--is too advanced. We are aimngtoisolatethe
deeper essence of nunbers. Nunbers appear only in chapter 5.

Pure Quantity "devel ops a det er m nat eness” and wi | | becone Quant um
(185) This determ nateness of Quantum will be posited as no
det er m nat eness- - as a det er m nat eness whi ch i s bot h i nsi de and out si de
of Quantity. Quantumis therefore "indifferent determ nateness, that
is, aself-transcendi ng, sel f-negating determ nateness." (185) These
remar ks shoul d nake sone sense. As with everything that has appeared
after the True Infinite, Quantumis an infinite being that erases
itself. Howthis actual |y unfol ds nust await chapter 5. Hegel at this
poi nt predicts that, when Quantum self-erases, it |lapses into a
Spurious Infinity--nowto be call ed the mathematical infinite, anidea
with which comopn sense is quite famliar.

We saw t hat the Spurious Infinite amobunted to the pure act of
self-erasure. This act of self-erasingis what the (enriched) Finites
did. This unity between the Finite and the Spurious Infinite was
precisely this sel f-abnegating activity, whose nanme was the True
Infinite. Something simlar will happento the mathematical infinite.
The self-erasure of the infinite integers will emerge as a True
Infinite. Wien t hat happens, Quantity will have taken back its Quality.

Once Qualityis back together with Quantity, we will have arrived
at chapter 6, whi ch Hegel nanmes Quantitative Ratio. Herewe will find
that the qualitative other to Quantumi s yet anot her Quantum -j ust as
Bei ng-for-ot her di scovered that the repul sed ot her was anot her Bei ng-
for-other. Hence, the ratio is in fact a ratio of two quanta.



Intheratio (by which Hegel nmeans "rel ati onin general "--not
divisionor fractions), the quantaare still indifferent to each other.
That is, the nunber 7 doesn't careif itisrelatedto8or to9 or any
ot her quantum It will accept any partner that the nathenatician--an
external force--cares toinpose. W will discover, however, buried deep
withintheideaof "ratio" liesatruequalitative nonent, inwhichthe
two quanta are not indifferent to each other after all. The
relationship (whichw !l turnout tobethe square of a quantum ? will
have an obj ecti ve resi st ance fromout si de mani pul ati on. Wen t hat poi nt
i s reached, we are ready to nove onto Measure--the cul m nati on of the
Doctri ne of Being.

Remark

The essay i ntroduci ng Quantity termnates with a short Remark. In
t hi s Remar k, Hegel begins by remndingus that Limt, inFigure 4(c),
is det erm nat eness. 2> When a qual ity exceeds its Limt, it changes
radically. Beyondthe Limt was the Finite, whose fate (i.e., Being-in-
itself) was to erase itself. Not so with nmere quantitative limt:

I f, however, by limt we nean quantitativelimt, then when,
for exanple, afieldaltersitslimt it still remai ns what
it was before, afield. If onthe other handits qualitative
limtisaltered, thensincethisisthe determ nateness
whi ch makes it afield, it beconmes a neadow, wood, and so
on. (186)2%

Hegel gives this exanple: "Red" isaquality of sone thing--its color.
Let's changeits quantitative limt by making the thing brighter or
paler red. It remains red all the sane. But |let's paint thething bl ue.
The thing has now undergone a qualitative change, not nere a

22 That is, if we take 16 and contenplate xAx = 16, then the
ratio of xAx is imune to outside manipul ation. The internal
integrity (or Quality) of the ratio insists that x = 4, where x =
%x2. See infra text acconpanyi ng notes 68-69.

2 In Figure 4(c), Limt was the unity of Constitution--internal
negativity inplying change--and Determ nation of the in-itself. In
effect, in Limt, inside and outside have swi tched places, and the
sel f-destruction of "being" is much accel erat ed.

24 cf. TAM®R, supra hote 5, at 247 ("[Qualitatively considered,
the determ nateness or limt of a thing is not a matter of
indifference; if we alter the limt, we alter the nature of the
t hing; but considered purely quantitatively, the limts of a thing
can be altered without changing its nature; it is "indifferent' to
them It is thus a mark of the quantitative, says Hegel, that we are
dealing with such indifferent limts, that the things can increase or
decrease in extension w thout changing their nature.").



quantitative change.?

Wthregardtoredthat grows brighter or pal er, Hegel states that
t he degree of redness isits magnitude. I n magnitude, redness "has a
per manent substratum of being which is indifferent to 1its
determinateness." (186) I n other words, red as such continues to be red
even as t he bri ght ness or pal eness (its determ nateness) i s mani pul at ed
by outside forces.

Magnitude. Hegel al so, inthis Remark, warns that "magnitude”
means Quantum -not Quantity. Magnitude i s too advanced for t he concept
of Pure Quantity, becauseit inplies adeterm nateness that i s beyond
Pure Quantity. Thus, i n common mat hemati cal di scourse, "[a] nmagnitude
i s usual ly defined as that which can be i ncreased or di m ni shed. "
(186)26 It isclear that, inthis definition, "themore or less can be
resolved into an affirmati ve addition"” (or subtraction) whichis
external |y added (or subtracted)."” (186) "It is thisexternal formboth
of reality and of negation whichin general characterizes the nature of
alterationin quantum ™ (186) I n ot her words, Quantumcannot al ter
itself. It requires an outside nmani pul ator to make a t hi ng more or less
of what it is. O "nore or less," Hegel remarks:

I nthat i nperfect expression, therefore, one cannot fail to
recogni ze t he mai n poi nt i nvol ved, nanely the i ndi fference
of the alteration, sothat the alteration's own more and
less, itsindifferencetoitself liesinits very Notion.
(186)

| n ot her words, the essence of Quantumisthat it isindifferent to
bei ng changed by outside forces.

Thi s | ast observationis poignant. Hownmany ti nes have you heard
soneone, fearful of affirm ng sonet hi ng absolutely, refer toit as
"nore or | ess" true? What is ained for here a switch fromfragile
qualitative Limt torobust quantitativeLimt. If the speaker gains
your acqui escencetothistransition, thenthe speaker's proposition
wi Il be harder torefute. O course, we should not fall for this trick.
| f the speaker i s making a qualitative point, then the speaker is not

25 See also GeEerRe W F. Hece,, Hecel' sLoac § 80 Remark (W I 1liam
Wal | ace trans., 1975) [hereinafter cited as LEsser Loa(:

Quality is . . . the character identical wth being:
so identical that a thing ceases to be what it is, if it
| oses its quality. Quantity. . . is the character external
to being, and does not affect the being at all. Thus e.gq.

a house remains what it is, whether it be greater or
smal ler; and red remains red, whether it be brighter or
dar ker .

Hegel further remarks that "in quantity we have an alterable, which
in spite of alterations still remains the same.” 1d 8§ 106 Additi on.

26 W& have already alluded to Hegel's criticismof this
definition for its circularity. See supra text acconpanying notes 1-
2.



entitledtotherelative ease and confort that nere quantitative Limt
af fords. 27

Al teration of Quantum then, is acconplished only externally--
hence i nessentially. This is the penalty Being-for-self pays for
driving out all content. Only strangers cantell the Quantumwhat it
is--until chapter 6 discovers a monment of self-integrity within
Quantum fromwhichw Il springforththe slave-rebellion Hegel calls
Measur e.

A. Pure Quantity

Hegel begins his first chapter on Quantity by rem ndi ng us of what
unfol ded i n chapter 3. There, Quantity was "the repelling one." (187)
Thi s can be seenin Figure 9(c). Repulsionsaidof itself: "I amnot
that." I'n so announcing, it "treats the other asidentical withitself,
and in doing sohaslost its determnation."” (187) The expel | ed cont ent
was thenunitedin Attraction, as Figure 10(a) showed. "The absol ute
brittl eness of the repelling one has nelted away"” into Attracti on.
(187)2® Attraction, however, "is at the same ti me determ ned by the
i mmnent repul sion" (187)2° Of course, Quantity is the unity of
Attraction and Repul si on, as shown in Figure 10(c). Rem ni sci ng about
the relationship portrayed in Figure 10(c), Hegel announces t hat
Attraction is the monment of Continuity in Quantity.

This brings us to Figure 11(a):

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 11 (a)
Continuity

The justificationfor thisdesignisthat Quantity has expelledall its
content [4-7]. Therefore, the "content” of Figure 11(a) nust be found
am dst the expelledentities. Attraction [4, 5] is plucked fromthe
exi | es and made t he Under st andi ng' s focus of attention. It becones
Continuity [1].3%° O [1], Hegel writes:

27 Some tinme ago | had cause to conplain about a defense of
| egal determ ni smwhich asserted that the rule of |aw existed--nore
or less. David Gray Carlson, Liberalism's Troubled Relation to the
Rule of Law, 62 U. TorantoL. J. 257 (1993).

2 1t will be recalled that, in Figure 10(a), [7] posited the
Voi d/ Many Ones as not itself. But, covertly, [7]--Repulsion as an
i medi acy--was swept along and was not |l eft behind, as it hoped to
be. Hence, [7] entered into Attraction as an i nmedi acy, but
Di al ectical Reason retrieved it in Figure 10(b).

29 This was shown in Figure 10(b).
3 Of continuity, Errol Harris usefully rem nds us that it has

the attributes of Attraction. That is, continuity is a plurality held
together by an external will. HARRS, supra note 11, at 126.



Continuityis, therefore, sinple, self-sane self-relation,
whichis not interrupted by any limt of exclusion; it is
not, however, an immediate unity, but a unity of ones which
possess being-for-self. The asunderness of the pluralityi s
still containedinthisunity, but at the sanme ti ne as not
differentiating or interrupting it. (187)

The above passage shows a si gni fi cant change of perspective. The first
three chapters of the Science of Logic were the real mof "being"--the
real mof immediacy. Hence, in those chapters, [1] was al ways i nmedi at e.
Now, beyond t he real mof i medi acy, [1] is sinple and not interrupted,
but neither isit i medi ate. The Understandi ng continues tolearn. It
grasps [ 1] as a sinple viewof aconplex "nedi ated” entity. Medi ation
as such nowreigns inthe extrenmes of Understandi ng and of Di al ecti cal
Reason. If i nmedi acy exists at all withinContinuity, it exists as a
moment--a menory of itsorigininreality. I ndeed, Hegel will often use
the word "imedi ate" inthis and the foll ow ng chapters. Understandi ng
ful Iy under st ands, however, that "i mredi acy” i s al ways nerely an i deal
moment . The Under st andi ng knows that it has | eft the crude real mof
reality and exists now and forever nore in the real mof the ideal.

D al ectical Reasonis nowrather | essinsultingto and patronizing
of the Under st andi ng. Acknow edgi ng t hat t he Under st andi ng sees t hat
Continuity contains nediationwithinit--the distinction of Many Ones--
Di al ecti cal Reason proposes wi th due respect that attenti on be focused
on this noment of difference. Hence, we have:

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 11 (b)
Discreteness

Of Figure 11(b), Hegel wites: "Incontinuity, therefore, nagnitude
i mredi atel y possesses t he nonent of discreteness--repul sion has nowa
nmonent in quantity.” (187) The word "i rmedi at el y" probabl y shoul d not
be i nvested wi t h much si gni fi cance here, for the reason just stated. W
are beyond t he real mof i nmedi acy. Nevert hel ess, one coul d say that [ 3]
isan"imedi ate" nonent --but only inthe ideal sense of renenbering
what [ 3] neant i n the opening chapters of the Science of Logic. Hegel
vindi cates this judgnent:

Hence, discreteness on its side, is a coalescent
di scret eness, where t he ones are not connected by t he voi d,
by t he negative, but by their own continuity and do not
interrupt this self-sanmeness in the many. (187)

I n other words, [3] is not i nmedi ate, except in anideal sense. The
Many Ones ar e acknow edged i n D screteness; and t hey are acknow edged
as connected by Continuity.?3!

31 Hegel gives this useful exanple of Continuity and
Di screteness in the Lesser Logic:



Hegel next indi cates that an enriched Quantity is the unity of
Di screteness and Continuity. Hence:

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 11 (c)
Enriched Quantity

Hegel , of course, does not use the phrase Enriched Continuity. | have
added t hi s to di stinguish Figure 10(c) and Fi gure 11(c), which brings
Continuity to the fore.®* In the next Remark, we learn that this
Enriched Quantity is the sane thing as ti ne, space, the ego, and many
ot her quantitative ideas.

Of Figure 11(c), Hegel wites: "Quantity is the unity of these
nmoment s of continuity and di screteness, but at first it issointhe
form of one of them continuity, as aresult of the dial ectic of bei ng-
for-self, which has collapsed into the form of self-identical
i mredi acy." (187) Thisis adirect referenceto Quantity as portrayed
inFigure 11(a). Here we havereferenceto[1l] in Figure 11(a) as an
immediacy, when we sai d that our days of i mmedi acy wer e over--except as
an ideal "moment." OF Quantity in this guise, Hegel states:

Quantity is, as such, thissinpleresult insofar as being-
for-self has not yet devel opedits nonments and positedthem
within itself. (187)

| n ot her words, Hegel agrees that Quantity, taken as a nere i mmedi acy,
isretrogressive--athrowback to the | ast part of chapter 2. This

It may be said, the space occupied by this roomis a
continuous magni tude, and the hundred nen assenbled in it
forma discrete magni tude. And yet the space is continuous
and discrete at the sanme tinme; hence we speak of points of
space, or we divide space, a certain length, into so many
feet . . . which can be done on the hypothesis that space
is also potentially discrete. Simlarly . . . the discrete
magni tude, made up of a hundred nmen, is al so continuous;
and the circunstance on which this continuity depends is
t he common el ement, the species man, which pervades al
the individuals and unites themw th each other.

LesserR Loac, supra note 25, 8 100 RenmarKk.

32 Could I have said that Figure 11(c) is the same as Figure
10(c), but with the names of the extremes changed? | did sonething
simlar once before. In chapter 1, Figure 1(c) was Pure Being, Pure
Not hi ng, and Becom ng. Then the nanmes changed, w thout an advance.
Figure 1(c) becane com ng-to-be, ceasing-to-be, and Determ nate
Bei ng. Neverthel ess, an advance to Figure 11(c) is justified. In
Figure 10(a), [1l] was Attraction--precisely a stubborn unity that
nevert hel ess covertly inplies Repulsion. In Figure 11(c), Continuity
shows no such stubbornness.



i mredi acy, however, is precisely what Bei ng-for-self expelled by the
end of chapter 3. Thus, Quantity, as portrayed in Figure 11(a),
contains the nmoments of Being-for-self

positedas it isintruth. The determ nati on of being-for-
self was to be a self-sublating relation-to-self; a
per petual com ng-out-of-itself. but what isrepelledis
itself; repulsionis, therefore, the creative fl ow ng anway
of itself. (187-88)

This "creative" flow ng of content out of Being-for-self is precisely
what Continuityis. Thus, Being-for-self flows into all the other Ones:
"On account of the self-sanmeness of what is repelled, this
di stingui shing or differentiationis anuninterrupted continuity.”
(188)

Hegel finishes his discussionof Pure Quantity by restating that
Continuity--[1] inFigure l1ll(a)--"wthout beinginterrupted, is at the
sanetineaplurality, whichnolessimediatelyremainsinits self-
i dentical ness.” (188) Once agai n, "i mmedi acy" nust be taken only as an
i deal monent. The Under st andi ng has a si npl e, yet nedi at ed, vi ew of
Quantity as a substance that continuesitself inall things. (For this
reason, everything, except God, can be counted.)

Remark 1: The Conception of Pure Quantity

I n Remar k 1, Hegel enphasi zes that Pure Quantity does not yet have
any Limt. Even when it becones Quantum it will not be bounded by
Limt "but, onthe contrary, consists preciselyinnot bei ng bounded by
[imt."” (188) InFigure 11(b), D screteness appeared, but thisis not
to be taken as a Limt:

The presence in it of discreteness as a nmonent can be
expressed by saying that quantity i s sinply the omi present
real possibilitywithinitself of the one, but conversely
that the one is no | ess absolutely continuous. (188)

That is, Quantity holds the promise of self-limtation--of being"the
one." Thisis what Continuity' srelationto D screteness portends. For
now, Quantity is absolutely continuous.

I n bad phi | osophy--what Hegel calls "thinkingthat i s not based
on the Notion"--Continuity qui ckly devolves into "mere composition,
that i s, an externalrelation of the ones to one anot her, in whichthe
oneismaintainedinits absolute brittleness and excl usi veness. " (188)
For Hegel, "conposition" is usually a derogatory term suggesting t hat
the unity is not i mmanent tothe entities but isinposed uponthemfrom
t he out si de. "Conpositional" philosophiesfail toseethat the One
"essential |l y and spont aneously ( an und fir sich selbst)" passes over
intoideality."” (188) Thi s spontaneous acti on was docunent ed at t he end
of chapter 2 (when True I nfinity appeared) and t hr oughout chapter 3.
Thi s acti on proves that Continuity belongs tothe One--here, Enri ched
Quantity in Figure 11(c).

At omi sm - nuch denounced i n chapter 3--holds that Continuityis
external tothe One, anideathat "ordinary thinkingfindsit difficult
toforsake." (188) (Here, as we shall soon di scover, Hegel is thinking



about the concept of time and space.) Mat hemati cs, however, rises above
this naive view. It "rejects a netaphysics which woul d nake tinme
consist of points of time[or space]. . . It allows novalidity to such
di sconti nuous ones." (188) A pl ane may consi st of the sumof infinitely
many | i nes, but the Di screteness of thelinesis only anonment. The
subl ation of this nonent isinpliedbytheinfiniteplurality of the
i nes.

Ti ne, space, "matter as such, "33t he ego--these are to be taken as
exanpl es of Pure Quantity. These things are "expansions, pluralities
whi ch are a com ng- out - of -sel f, a fl owi ng whi ch, however, does not pass
over intoits opposite, intoquality or the one.” (189) Thus, spaceis
"absol ute self-externality whi ch equal ly i s absol utely uninterrupted,
a perpetual becom ng-other whichis self-identical." (189)3* Ti ne
i kewi se "i s an absol ute com ng-out-of-itself." (189) It generates the
"now'--the present--but thenimediately annihilatesit. Tineisthe
"conti nuous anni hil ation of this passi ng away" and t he "spont aneous
generating of non-being." (189) Inits pure destructivity, self-
devouring time is "a sinple self-saneness and self-identity." (189)3

The egois al so Pure Quantity. It i s "an absol ut e becom ng- ot her,
aninfiniterenoval or all-round repul sionto the negative freedomof
bei ng-for-self." (190) I nshort, the ego constantly states, "I amnot
that." No proposition ever captures all of the ego, which is nothing at
all but Continuity over time--"utter sinplecontinuity."” (190) That the
egois Continuity (whichistineitself) Hegel expresses this way: the

3 In the Philosophy of Nature, Hegel identifies matter as the
unity of Attraction and Repul sion, which is, of course, exactly what
Quantity is. Host-Heino Von Borzeszkowski, Hegel's Interpretation of
Classical Mechanics, in HecL AanD Newronansm 73, 79 (M chael John
Petry ed., 1993), citing HecL' s PHLosoPHY OF NATURE § 262 (A. V.

MIller trans., 1970).

Hegel al so distingui shes between Pure Quantity and matter.
Quantity is a determ nation of pure thought. Matter is the sane
thing, but in outer existence. Hegel quotes Leibniz for this: Non
omnino improbabile est, materiam et quantitatem esse realiter idem.
(189) ("Not every thing is inprobable, matter and quantity being the
sane reality").

34 Space (Pure Quantity) will be the starting point for Hegel's
Philosophy of Nature, jusSt as consciousness is the starting point for
t he Phenomenology and the autononous individual is the starting point
for the Philosophy of Right. See Lawrence S. Stepelevich, Hegel's
Conception of Space, 1 NATURE AND SysTem 111 (1979).

In chapter 2, we saw Hegel derive nature as other to Spirit
taken as other. We now may add that nature so expelled by Spirit is
Pure Quantity. Mre, supra note 12, at 116 ("Quantity is conspicuous
in Nature, since self-externality as opposed to the self-possession
of spirit is the distinctive character of Nature").

35 See Richard Dien Wnfield, Space, Time and Matter: Conceiving
Nature Without Foundations, 29, 61-62, in HecL AND THE PH LOSCPHY OF
Nature (St ephen Houl gate ed., 1998) (calling time "this self-
devourer").



ego is

the continuity of wuniversality or being-with-self
uninterrupted by theinfinitely manifoldlimts, by the
content of sensations, intuitions, and so forth. (190)

The equati on of the egowith being-with-self (whichl interpret to be
t he sane as "being-within-self") isvery significant. Inchapter 2, we
saw t hat being-within-self equateswith [4]--the sole entity that
al ways appearsinall threecircles. It connoted i nmanence and hence
freedomfromout si de conpul sion. The birth of being-within-self in
chapter 2 was therefore al so the birth of human sel f-consci ousness- -
t hough t hat concept as such was way t oo advanced for us i n chapter 2 or
even now.

The ego conti nues throughits content--"sensations, intuitions,
and so forth." None of these things, however, is adequate to t he ego.
The ego i s al ways beyond t hese t hi ngs and so never fully present to
itself. But neither isthe ego Pure Nothing. Infact, the egois al ways
suspended between i ts content and Pure Not hi ng. For this very reason,
it 1s constantly restless.

Those fam |iar with Jacques Lacan' s theory of the subject can
glinpseit prefiguredinHegel's theory of Pure Quantity. Lacan t hought
t he subj ect was "split" between t he real mof the Synbolic--the external
real mof "being"-- and the Real, the obliterative concept of Pure
Not hi ng. The Lacani an subj ect constantly triestofill inthe gaps so
that it canfully "be.” Thisis precisely what "desire" is--the drive
t o be conpl et e and whol e. Yet desire nust fail. For the subject to be
whol e woul d be for it to surrender its very essence--Continuity that
stays forever free fromthe external real mof "being."36

Remark 2: The Kantian Antinomy of the Indivisibility and the
Infinite Divisibility of Time, Space and Matter

Inthis|ong Remar k, Hegel nakes his fanous criticismthat there
are not nerely four antinomes, as Kant alleged, but infinitely
numer ous anti nom es; every concept i s a uni on of opposites--as Becom ng
i mplies.

Kant's second antinony is (1) there are no sinples, because
everyt hing can be further subdivided, and (2) thereis a sinpl e that
cannot be subdi vided. ® I n Remark 2, Hegel states that it is Figure
11(c) that gives rise to this antinony, which

consists solely in the fact that discreteness nust be
asserted just as nmuch as continuity. The one-si ded assertion
of di screteness gives infinite or absol ute divi dedness,
hence an i ndivisible, for principle; the one-sided assertion

36 These thoughts sunmmari ze JEANNE L. ScCHRCEDER, THE VESTAL AND THE
Fasces: HeGeL, Lacan, PRrROPERTY, AND THE FEMNINE (1998). In this book,
Prof essor Schroeder draws rigorous parallels between Lacani an and
Hegel i an t hought .

37 CRTIQE oF PrRE REASON, supra hote 10, at 248.



of continuity, on the other hand, gives infinite
divisibility. (190)

I nother words, Discretenessinpliesanindivisible. Continuityinplies
infinitedivisibility. Figure 11(c) shows both t 0 be necessary nonents.
It diagranms the antinony itsel f. Kant t hought that both sides of the
antinony are false, because each can be disproved by apagogic
reasoning--that is, reason by process of elim nation. The Kanti an
solutionto the antinom es, Hegel says, was to nake t he contradiction
subj ective, where it remai ned unresol ved. 3 The genui ne sol uti on,
however, is torecogni ze that each si de of an anti nony i s one-si ded and
hence not validonits own. "[Q nthecontrary, they aretrue only as
subl ated. " (192)

Bef ore denmol i shing the anti nom es, Hegel prai ses themas "the
downf al | of previous nmetaphysics."” (190) They hel ped t o produce t he
convictionthat finitethings arenull incontent. Neverthel ess, they
are far fromperfect. Hegel in effect accuses Kant of choosi ng t hese
antinomes (fromtheinfinite collectionthat coul d have been chosen)
to match his four categories of the understandi ng, earlier devel opedin
t he Critique of Pure Reason. ® Thi s was done, Hegel remarks, to provide
a nere "show of conpleteness."” (191)

Hegel provides us with this nenorabl e denunci ati on of Kant:

The Kanti an anti nom es on cl oser i nspection contain
not hi ng nore than the qui te sinpl e categorical assertion of
each of the two opposed nonents of a determ nation, each
being takenonits owninisolationfromthe other. But at
the sane tinme this sinplecategorical, or strictly speaking

3% Harris states that the understanding holds the two sides of
the antinony "incommuni cado,"” and that the result is "l ogomachy"--a
war on words. HarRRS, supra note 11, at 128.

3 Here is how the categories of understanding match up with the
anti nom es:

Cat egori es Anti nom es

O the

Under st andi ng

Quantity Begi nni ng/ No Begi nning in Tine
Quality Infinite Divisibility/Sinple
Rel ati on Freedom Causati on

Modal ity Absol utely necessary God/ No God

The categories are said to belong a priori to the understanding.
CRTIQE oF PURE REasoN, supra note 10, at 62. According to Kant, we
cannot think any object except by nmeans of the categories. W cannot
cogni ze any thought except by neans of intuitions corresponding to

t hese conceptions. 1d. at 94. They are the nere fornms of thought for
the construction of cognitions fromintuitions. I1d. at 153.



assertoricl4l statenent is wappedupinafalse, twi sted
scaffol di ng of reasoning which is intended to produce a
senbl ance of proof and to conceal and di sgui se the nerely
assertoric character of the statement . . . (192)

To nmake good on this criticism Hegel paraphrases Kant's second
anti nomny:

Every conposite substance inthe world consists of sinple
parts, and nowhere does t here exi st anyt hi ng but the sinple
or what is conmpounded fromit. (192)

Inthis formul ati on, Kant opposes the atomto the conposite, "a very
inferior determ nation conpared to the continuous. "4 (192) The
substrate (or common denom nator) to both the atomand t he conpositeis
nmerely "substance." "Substance" hererefers only "things as sensuously
perceived." (192) The choi ce of substance has no i nfl uence on the
anti nony. Space or tine (whi ch cannot be directly perceived) coul d have
been used to expl ore whether divisibilityisinfinite, for thesetwo
could be infinitely divided (or not).

Simplicity. Hegel next attacks Kant's node of proving the
antinom es. They are establ i shed by apagogi c reason--or reasoni ng by
process of elimnation. Thus, if it can be proved that infinite
divisibility is inpossible, Kant has proved apagogically that a
"sinpl e" exists which cannot be divided. Likew se, if Kant proves t hat
sinples are inpossible, he thereby proves that everything is a
conposite. Unhappily, bothinfinitedivisibility andsinplicity are
elimnated in turn, | eaving both sides of the antinonmy fal se. The
choi ce between themis thus subjective and unresol ved.

Hegel , however, clains that the apagogi c denonstration is
super fluous. He accuses Kant of bringing forth the very presuppositions
t hat Kant i ntroduced into the nodel, so that nothingis achi eved. Here
i s Hegel's appraisal of Kant's real argunent for proving that the
indivisibly sinple exists: (1) Assume there is such a thing as
substance. (2) Nowassune t hat conposites do not have sinple parts. (3)
Now t hi nk away al | conposition. Nothingremains. (4) This contradicts
t he assunption that thereis substance. (5) Ergo, there nust be at ons.
Thi s, Hegel conpl ai ns, does not nove t he argunment. Kant coul d have
begun this way: Conpositionis nerely a contingent relation of the
substance. By "contingent” is neant that therelationis externally
i nposed on subst ance and t herefore not i mmanent toit and of no concern
toit. If conpositionis external, thenall substances are sinple. In
short, substanceis a"thing-in-itself,"” which, inchapter 2, Hegel

40 Dogmatic, nerely asserted.

4l Hegel has called conmposition "thinking that is not based on
the Notion," and "external relation of the ones to one another, in
which the one is maintained in its absolute brittleness and
excl usi veness. " (188)



suggested, was a sinpl ex. #?

But this node of arguingis |ikew se unsatisfactory. Init, the
contingency of conpositionis assuned--not proved. Hence, the presence
of asinplexistautological. Inother words, the structure of Kant's
argument is: (1) Assunethereis asinplex. (2) That woul dinply that
conpositionis external and contingent. (3) Wsh away conposition. (4)
A sinpl ex remains.

Composition. Hegel |ikew se attacks the denonstration that
everythingisinfinitely divisible, whichhecalls "awholenest. ..
of faulty procedure." (195) To di sprove the exi stence of sinplicity,
Kant ' s apagogi c argunent proceeds as follows: (1) Suppose, for the sake
of argunment, a conpositeis nmade of sinplethings. This is the proposal
that will be di sproved. (2) Conposites exist inspace. (3) Spaceis
infinitely divisible. (4) Since a sinplex can occupy only one space at
atinme, it too nust be equally divisible. (5 Ergo, sinplicity does not
exi st.

Hegel conplains that this argunment assunes that whatever is
substantial is spatial. It also assunes that space is infinitely
di vi si bl e, which is by no means proven. * Furt hernore, the second nove
("conposites exi st in space") suggests that sinplicity isnot spatial.
Sinplicity, by definition, does not have conplexity within it.
Conpositionisoutsideit. If conpositionisoutsidethesinple, sois
space. Thus, sinplicityis not spatial. Only conpositionis. For this
reason, Kant's denonstration falls apart.

Kant assunes spaceisinfinitely divisible. Thisis afurther
reason to think that space is not inthe sinple. The sinple is by
definitiontheindivisible. Hence, if the sinple exists, it exists
out si de space.

There is al soinvol ved here a clash between the continuity
of space and conposition; the two are confused with each
ot her. [ Space is] substituted for [conposition] (which
results in aquaternio terminorumin the concl usion). (196)*

Earlier inthecritique of Pure Reason, Kant sai d that spaceis sole
and single. It does not have parts. % There, Kant properly equates space
with Continuity, as Hegel woul d do. But in the denonstration with
regard to the second anti nomy, this point has been forgotten by Kant.
Now space has infinite parts.

I n his di scussion of the second anti nony, Kant rem nds hi s readers
t hat we knowonly phenonena. Spaceis acondition of possibility for

42 |In chapter 2, with regard to Figure 3(b), Hegel suggested
that Being-in-itself/Being-for-other amunted to the thing-in-itself,
whi ch had to be taken as a sinplex.

43 Recall that Hegel has already said that the second anti nony,
whi ch applies to substance, could have been applied to tinme or space.
Hence, it is possible space is not infinitely divisible.

4 "Quaternio term norum' may be translated as "final four."

45 CrRTIQE o PurRE REasan, supra note 10, at 23.



phenonena. Hence, Hegel reasons, if "substance" neans sensuous
mat eri al , we are di scussi ng only phenonenal substance, not substance-
in-itself. Thus, the di sproof of sinplicity ambunts to this: sensual
experience shows us only what i s conposite. Not even m croscopes can
show us the sinple.

When Kant' s argunent is |iberated from"all pointless redundancy
and tortuousness, " (197) the proof of the antithesis ("everythingis
di vi si bl e") assumes space i s Continuity, because substance is placedin
space. I nthe proof of the thesis, however, space i s not continuous.
Rat her, "substances are absolute ones."” (197) Thus, the thesis asserts
D screteness. The antithesis asserts Continuity. Wen substance, space,
time, etc. are taken as discrete, their principleis theindivisible
One. When they are taken as continuous, division is possible.

Continuity contains the atomwithinit, however. If divisionis
al ways a possibility, there nust be sonet hi ng to divide--the atom That
is, adiscretething nust confront divisibility beforedivisibility,
with its golden axe, cleaves it in twain. Likew se, Discreteness
contains Continuity. Init, the ones are purely sinple and hence
identical to each other. The sanmeness of the ones is precisely
Continuity. As Figure 11(b) shows, "each of the two opposed si des
containsits other withinitself and neither can be t hought w thout the
ot her." (197) Hence, neither side, taken al one, has the truth. The
truth lies only in their unity--which is shown in Figure 11(c).

I nthe end, Kant | eaves t he sol uti on of the anti nony to one si de.
Accordi ng to Hegel , each side of the anti nony should have nullified
itself (as eachis by nowa True Infinite). Inthis activity, each side
is"initsownself onlythetransitionintoits other, theunity of
bot h bei ng quantity in which they have their truth." (199)45

The El eatics were "[i]nfinitely nore ingeni ous and prof ound” than
poor, beni ghted Kant. (197) Hegel forgoes anal yzing them except to
criticize the enpirical procedure of the notorious Diogenes. Thus

when a di al ecti ci an poi nted out the contradi ctionin notion,
made no effort toreasonit out but, by silently wal king up
and down, i s supposed to havereferredto the evidence of
sight for an answer. Such assertion and refutation is
certainly easier tomake thanto engage inthinkingandto
hol d fast and resol ve by t hought al one the conplexities
originating in thought . . . (198)%

4 This would be the Enriched Quantity of Figure 11(c).

47 1n the Phenomenology, Hegel stated that Di ogenes liked to
defeat Plato by kicking a rock and thereby proving it "existed." But
all this showed was the utility of the rock--its status as an object
for actual consciousness; or the "being-for-other" of the rock.
PHENOVENOLOGY, supra note 6, at Y 389, 579. Such a reality is one-
sided, in that it enphasizes the negativity (being-for-other) of the
t hi ng and excludes the side of being-for-self. Such an insistence on
the factum brutum--the "being-for-us" of the rock--paradoxically
renders the rock entirely subjective and denies the rock the very
integrity that the attribute of "reality" should have provided for
it. Philosophy of Right, supra note 21, 8275 Addition. This is,



Hegel clains that Aristotle was genui nely specul ati ve about space,
time and noti on. He opposed divisibility tocontinuity. OF course,
Hegel has said divisibility iscontinuity. But Aristotl e understood
that divisibility inplies atonms--there nust be sonmething for
divisibility todivide. He sawthat di screteness and continuity each
inply the other. Each, however, exists only at the |evel of
possibility. Aristotle' s critic, Pierre Bayle, didnot seethis. He
assuned Aristotle was claimng that everything actually contains
infinite parts--one side of the Kanti an anti nony. Aristotle sawt hat
both sides were possibilities.

B. Continuous and Discrete Magnitude

We have seen that Continuity "requires the other nonent,
di screteness, toconpleteit.” (199) But Continuity is not nerely the
same as but is distinct from Di screteness. Hence, we nust extract
difference fromthe mddle termand consider it in isolated form

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 12 (a)
Continuous Magnitude

O Figure 12(a), Hegel writes:

But quantity is aconcreteunityonlyinsofar asit isthe

unity of distinct nmonents. These are . . . not to be
resol ved againinto attraction and repul sion, but are to be
takenas . . . remaininginitsunity withthe other, that

is, remaining in the whole. (199)

Her e Hegel enphasi zes t hat Fi gure 12(a) i s nore advanced t han Fi gure
10(b), which featured Attraction and Repul sion. Attraction and
Repul si on exhi bited Bei ng-for-self. Each expell ed the ot her fromthe
ot her so that each coul d be by itsel f. Now Conti nuous Magni t ude hunbl y
realizes it is part of a comunity, even though it asserts its
individuality withinthat community. Posited as Conti nuous Magni t ude,
Continuity is "no longer only a nonment but the whol e of quantity."”
(199)

Cont i nuous Magni tude i s immediate Quantity--taken as a whol e. But,
of course, i medi acy i s only a subl at ed i nmedi acy. | nmedi acy as such
was t he province of Quality. We are beyond t hat now. W partake of an
ideal i mredi acy. Thus, "immedi acy i s a det er m nat eness t he subl at edness
of whichis quantityitself."” (200) In other words, quantity as a whol e
has subl ated Determ nateness and rendered it ideal.

When we pl ace t he enphasi s on this recol | ect ed Det er m nat eness,
we obtain Discrete Magnitude.

[AIl illustrations are set forth at

incidentally, the posture of | aw and-econom cs toward | aw. ALAN
BRUDNER, THE UniTY oF THE CowoN Law 22- 23 (11996) .



the end of this manuscript.]

Figure 12 (b)
Discrete Magnitude

Li ke Conti nuous Magnitude, Discrete Magnitude is to be taken as a
uni fi ed whol e, with a doubl e monent of Continuity and Di screteness
within it:

Quantityisinitself asunderness, and conti nuous nmagnitude
i s this asunderness continuingitself without negation as an
internally sel f-sanme connectedness. But di screte nagnitude
i s this asunderness as di sconti nuous, asinterrupted . . .
(200)

Thus, therel ati ons between t he extrenes i s nownuch nore gent eel than
it was in the first three chapters. Each extreme admts to its
subordinaterolew thinaconmunity, whereas, earlier, the extrenes
selfishly insisted on being "for thenselves."

Hegel enphasizes that, if Conti nuous Magnitude is "the manifold
one in general,"” Discrete Magnitude is "posited as the many of a
unity." (200) That is, just as[3] in Figure 9(c) was both the Void and
t he Many Ones, and in Figure 10(c) [3] was Repul sion (of each One from
the other), so Di scretenessinFigure 11(b) and D screte Magnitude in
Fi gure 12(b) represent many di screte ones whi ch nevert hel ess conti nue
into each other by virtue of their conplete sanmeness.

Remark: The Usual Separation of These Magnitudes
There is a "usual " interpretation of Conti nuous and Di screte

Magni t ude t hat Hegel disfavors. It suppresses the fact that each
extrenme containsitsfellowinsideit.* The only proper distinction

48 Terry Pinkard, who calls for a conplete rewiting of Hegel's
analysis of Quantity, is guilty of this fault. Thus, Professor
Pi nkard deni es that Hegel's Continuity is connected to the nodern
mat hemati cal notion. Terry Pinkard, Hegel's Philosophy of
Mathematics, 41 PHL. & PHENovenaoa cAL Res. 453, 459 (1980-81). This
is, I think, precisely wong. The continuity of a curve (which makes
the curve differentiable) is exactly what is at stake here. Pinkard
attenpts to recast Hegel in the | anguage of Bertrand Russell's
obsession with set theory. Thus, "[c]ontinuity would then be the
cl ass as one, and discreteness would be the class as many." I1d. 459.
This m sses the main point. Continuity is the activity of a thing
goi ng outside of itself and into the other while remaining itself.
This is the hallmark of True Infinity, which is mssing from
Pi nkard' s account.

Pi nkard wi shes to keep the analysis in the realmof the self-
identical--precisely the real mthat Hegel's Logic w shes to inpl ode.
Thus, he wites: "The | east one could do is refornul ate Hegel's
doctrine into saying that the two concepts defining nunbers are those
of unity and multiplicity; nunbers would then be nmultiplicities of
units which we count." 1d. at 460. Thus, nunbers are self-identical



bet ween Conti nuous and Di screte Magnitude is that in, Continuous
Magni t ude, determ nateness is nerely inplicit, while in Discrete
Magni t ude, determ nateness is posited.

Space, tinme, matter, and so forth are conti nuous magni t udes
inthat they are repul sions fromthensel ves, a stream ng
forth out of thensel ves which at the sanetineis not their
transitionor relating of thenselvestoaqualitative other.
(200)

Each one of these possesses the possibilitythat, at any tinme, the One
may be positedinthem Thus, time's One woul d be the present. As a
Cont i nuous Magni tude, ti nme hol ds open the possibility that it can be
frozen. (I ndeed, borrowi ng fromearlier points Hegel nakes, sincetine
annuls all noments, it nust indeed have a nonent before it to annul.)

Hegel states that Conti nuous and D screte Magni tude are " species
of quantity." (200) By this he neans that each extreneis Quantity as
such, andis adetermnateness inlight of its own "nonents." (201) The
use of the phrase "nonment"” signifies that determ nateness is but a
menory, brought forth by D al ectical Reason. Thi s det erm nat eness now
appears wi thin the context of a whol e--of Quantity portrayedin Figure
12(c).

What is the difference between Quantity or Di screteness in Figure
11(b) and Conti nuous and Di screte Magnitude in Figure 12(b)? The
addition of the word "magnitude" signifies "determ nateness in
gquantity." (201) Because this is so, Figure 12(b) shows an advance over
Figure 11(b), where the positedness of the extremes was not yet
mani fest. Thisjustifies theisolationof Figure 12(a)-(b) as separate
official steps in the Logic.*

units which are fused together only subjectively through counting. To
these units Pinkard denies any inherent continuity or True Infinity:

He shoul d begin with the notion of units . . . as nenbers
of classes and then proceed to show how construction rules
whi ch invol ve these units can be given for nunbers

One could then use the categorial notion of a unit (a
menber of a class, represented by a variable), proceed to
counting units (i.e., adopt construction rules), thus

i ntroduci ng the concepts of nunbers, then define magnitude
in the way nentioned, and then one could define quantity
(i.e., that which is capable of relations of quantitative
equality) . . . at the end of the series not at the
begi nni ng.

Id. at 460-61. This suggestion repeals the whole notion of the True
Infinite and is definitively un-Hegelian in approach. Hegel is keen
to show that Quantity is the activity of the True Infinite, and so he
begins (not ends) with the concept of Pure Quantity.

4 There is counter-evidence, however. Wth regard to Figure
11(c), Hegel states that space and tinme are represented by the
enriched Quantity shown there. In the Remark now under discussion, he



Hegel finishes this section by saying afewwords about genus and
species. Ordinary thinkers organi ze speci es i nto genera "accordingto
sonme external basis of classification.” (201) But Continuous and
Di screte Magni t ude produce their own genus i n Quantum describedin
Figure 12(c). This is undoubtedly true for each stage of Specul ative
Reason.

C. Limitation of Quantity

As we saw earlier, Discrete Magnitude is One. It is also a
plurality of Ones which repel each other. But each of these Ones i s
qui te the sanme as any ot her. Hence, the Ones "continue" fromoneinto
t he ot her.

When we f ocus on t he oneness of D screte Magnitude, we behol d an
"excludingone, alimt intheunity." (201) But Limt has been | ong
subl ated. Hence, Hegel adds, Discrete Magnitude is

i mediately not limted; but as distinguished from
continuous magnitude [1] it is adeterm nate being [2, 3],
a sonething, withthe one [3] asits determ nateness and
also as its first negation and limt. (201)

Thus, not only is Discrete Magnitude plainly a determn nateness,
consideredas [2, 3], but eveninitsisolatedformas One[3] it is

still a determ nateness, because D screte Magnitude fully renenbersits
i deal monment of being the Many Ones. Furthernore, even as [3] is
posited as t he Many Ones, still it is One and, as such, isLimt and

first negation to its own being-in-itself [2].

If we take [3], in Figure 12(b), as "encl osi ng, enconpassi ng
limt,"” (201) [3] is self-related and is the negation in Discrete
Magnitude [2, 3]. [3] is "the negative point itself."” (201) But
Di screte Magnitude is |ikew se Continuity, "by virtue of which it
passes beyond the |limt, beyond this one [3], to which it is
indifferent." This specul ative nmonment | eads us to Figure 12(c):

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 12 (c)
Quantum

Of Figure 12(c), Hegel wites: "Real discrete quantity is thus a
gquantity, of quantum-quantity as a determ nate bei ng and a sonet hi ng. "
(201) Thus, Quantumis to Pure Quantity what Det erm nat e Bei ng was to

says that space and tinme are Continuous Magnitudes. That space and
time are represented by both Figure 11(c) and by Figure 12(a)
suggests that no advance has been nmade. Neverthel ess, Conti nuous
Magni t ude brought to the fore sonething not present within nere

Conti nuity--an acknow edged nenbership in a |larger conmunity.
Furthernore, the mddle termw |l be Quantum (a Quantity). Hence, |
have decl ared Continuous and Di screte Magnitude to be official steps.



Pure Being, % and chapter 5is to Quantity what chapter 2 was to
Quality--a display of Dialectical Reason. Quantumis, in effect,
determ nate Quantity.

Has Specul ati ve Reason wor ked on Fi gure 12(b) inthe sane way it
didinthe Quality chapters? Recall that, at first, the extrenes
nodul at ed back and forth. Specul ati ve Reason t hen naned t he novenent
and produced the mddleterm Later, the extrenes turned on t hensel ves
and sel f-erased (the Finites). Specul ati ve Reason naned t hi s sel f -
erasure asthe True Infinite. Nowit appears that Specul ati ve Reason
has operated on [2, 3] w thout considering the role of [1].

Hegel ends the chapter by correcting this m sapprehension.
Reverting back to[3] for anonment, Hegel holds that this "one whichis
alimt includes withinitself the many ones of di screte quantity." But
t hese Many Ones are sublated. [3] servesasalimt to Continuity,
whi ch Continuity | eaps over with ease. Since Continuity [1] | eaps over
[2] and entersinto[3] with ease, [3] |ikew se |l eaps backinto[1],
which is just as much Discrete Magnitude as it was Continuous
Magni tude. The extrenes equally | eap out of thenselves, and so
Specul ati ve Reason, |ike a sportscaster, still names the activity it
W tnesses in the extrenes.

ITI. From Number to Quantitative Infinity

We now conmence what i s, by far, the | ongest, nost nmaddeni ng
chapter in the Science of Logic--Quantum

At the end of chapter 5, we had derived Quantum Quant umbecones
Nunmber --"quantity wth a determ nateness or limt ingeneral." (202)
Quant umd Nunber wil | nmelt, thaw, andresolveitself intoapair of terns
that will not befamliar tothe nodern eye--Extensi ve Quantumand
| nt ensi ve Quantum whi ch Hegel alsoindifferently calls Extensive and
I nt ensi ve Magnitude. Intensive Quantumis also called Degree.

Extensi ve Quantumwi || exhibit "limt [as] alimtation of the
determ nately exi stent plurality.” (202) W can hardly knowwhat t hat
means at this stage. Expl anati on nust wait. % Meanwhil e, |Intensive
Quantum(Degree) will resist outside mani pul ationinaway that Pure
Quantity--which hadits being outsideit--couldnot. In Degree, Quantum
recaptures Being-for-self. But, because Being-for-self is nerely an
i deal noment at this stage--a nmenory--Intensive Quantumwi || be
indifferent to its Limt. It will be both inside and outside itself.

As thi s mani fest contradiction of being determ ned sinply
withinitself yet havingits determ nateness outsideit,
pointing outsideitself for it, quantumposited as beingin

%0 As Hegel specifically enphasizes. LesserR Loac, supra note 25,
8§ 101 Remark.

1 | think Hegel is nmerely saying here that Extensive Quantum
conprises the set of all the quanta which Intensive Quantum (Degree)
elimnates. Thus, if we have the 100th degree, Extensive Quantum are
all the degrees that the 100th degree is not--the 99th, the 101st and
all the rest. Wthout Extensive Quantum Intensive Quantum woul d not
be coherent.



its own self external toitself, passes over thirdly, into
quantitative infinity. (202)

Al'l of thisis not very hel pful at this stage. Sufficeit to say that,
wher eas as the m ddl e chapter of Quality sawBei ng chasi ng away i ts own
content, the m ddl e chapter of Quantity will do the opposite--it wll
recapture sonme neasure of its content.

A. Number

Hegel starts with the prem se that Conti nuous Magnitude and
Di screte Magni tude are t he sane, at this point. Eachis Quantum and
Quantum has Limt. But Limt exists only in its ideal form

The very nature of quantity as subl ated bei ng-for-self
IS ipso factoto beindifferent toitslimt. But equally,
too, quantity is not unaffected by thelimt or by being
gquantum for it containswithinitself asits own nonent the
one, whichis absol utely determ ned and whi ch, therefore, as
posited in the continuity or unity of quantity, is its

[imt, but alimt whichremains what it has becone, sinply
a one. (202)

I n short, quanta have di screteness. Three is distinct fromfour. But
t hree what ? The nunber t hree has no content except thatit i s not four
or five. Inthree's insistence uponits independence fromfour andthe
i ke we witness that threeis "not unaffected by the limt" which
exi sts in Quantum as an ideal noment.

Quantum then, containswithinitself the nonent of t he One. %?
"This one is thus the principleof quantum"™ (202) But this Oheis nore
advanced t han t he One of chapter 3. First, it is continuous with all
the other quanta. That is, it is a unity of Continuity and
Di screteness. Second, it is discrete and hence different fromall the
ot her quanta. And third, Quantumis a negati on of the negation. As
such, it has exceeded the ideal Limt which D screte Magnitude
represented. It is anideal beingthat excludes its otherness from
itself. "Thus the one [of Quantun] is (') self-relating, (RB) enclosing
and () other-excluding limt." (202)

Quantum when conpl etely positedinthese three determnations,

i s Nunber. Thus, withreferenceto Figure 12(c), Nunber includes "limt
as a plurality" (203)--or [4, 5, 6]. Inits analysis of Quantum the
Understanding first isolates this plurality as Anpunt, and so we get:

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 13 (a)
Amount

52 One comment ator goes so far to suggest that the first three
chapters of the Science of Logic are entirely dedicated to
establishing this one proposition. Petry, supra note 7, at 485.



I n Figure 13(a), the Understandi ng sees Quantumas cont ai ni ng t he
Many Ones. But Quantum"”does not contain themin an indeterm nate
manner, for the determnateness of limt fallsin[side] them" (203) In
Amount, Quantumdeterm nes itself as unique fromother pluralities. In
short, "three" proudly boasts that it is uniquely "three" and not sone
ot her nunber |ike two or four.

Amount is aplurality--of what? Units! Hence, "three" isreally
al ways three units, or 3 = 3f1. Hence, we i medi ately derive:

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 13 (b)
Unit

" Amount and unit constitute the moments of nunber."” This brings us
quickly to Figure 13(c):

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 13 (c)
Number

Hence, Hegel says of Figure 13(c), "Quantumis limted generally; its
[imt is an abstract, sinple determ nateness of it. But in quantumas
nunber, thislimt is posited as manifold within itself." (203) The
"mani fol d" is Nunmber's Anount.

Nunber is a "conpl ete positedness” (203)--that i s, aconpl ex--when
theplural limt [4, 5 6] is consideredtogether withtheinmediate
unity [7]. So considered, Nunber is a Di screte Magni tude, or a Unit.
That is, in[7] it isunnediated. But [7] is just as nuch conti nuous
[4, 5, 6]. Because it is continuous, it is a"conplete determinateness,
forinit thelimt is present as a specificplurality which has for
its principle the one, the absolutely deternm nate." (203)5%

What is the difference between Nunber as a conpl et e posi t edness
and Nunber as a conpl et e det er m nat eness? Posi t edness represents what
a True Infinite presupposes by self-erasing--that thereis an ot her
that controlsits content. Determ nateness represents a cruder stage--
"bei ng" which admts that it isinunity with non-being but which
refuses to self-erase:

In the sphere of determ nate being, the relation of the
[imt to[Determnate Being, or, here, Amount] was prinarily
such t hat the determ nate bei ng persisted as the affirmative
onthissideof itslimt, whilethelimt, the negation,
was found out si de of the border of the determ nate being.

3 Mure puts it this way: "Any whole nunber is the 'discerning'
of a sumwi thin a continuous nultiplicity of self-equal units, within
an endless flow in which the unit endl ess repeats itself." Mkrg
supra note 12, at 119.



(203)

In Figure 4(c), Determ nateness as Such was given the nane Limt.
Hence, Nunmber is likewisealLimt. For this veryreason, 100 does not
change into 99 or 101

But why shoul d Continuity | ead to the concl usion that Nunber is
a det er m nat eness? Because, just as Attracti on fused t he Many i nto One,
so Continuity fusesthe plurality into One. Hence, Nunber [4-7] is nade
into One by Continuity. Yet this Onerefers to both being[4, 5] and
nothing [4, 6]. O, equally this One's being m ght be viewed as
continuous plurality [4, 5, 6] or the negativeunity [7] that holds it
together. Either way, because it is conplex, Nunber is a
det er m nat eness. Quantumi s begi nni ng to recapt ure sone of the content
that Being-for-self shed fromitself in Repulsion.

Wthregardto Amount in Figure 13(a), Hegel asks howt he Many
Ones (of which Amount consi sts) are present in Nunber. In effect,
Amount assunes an external "counter," who breaks of f Anount for his own
pur poses and i solates it fromthe many ot her Anbunts t hat coul d have
been i sol at ed. 5 For exanpl e, the counter, for reasons of her own,
counts to 100 and breaks of f t he counting there. This anount is thus
isolated from99 or 101, by sone external "counting" force.

Of counting to 100, Hegel wites:

I n the sphere a nunber, say a hundred, is conceivedin such
a manner that the hundredth one alonelimts the many to
make t hema hundred . . . but none of the hundred ones has
precedence over any other for they are only equal --eachis
equal ly the hundredth; thus they [i.e., the units] all
belong tothe limt which nmakes t he nunber a hundred and t he
nunmber cannot dispense with any of them for its
det er mi nat eness. (203-04)

I n other words, Unit is Limt to Anount. 100 i s si nultaneously one
Unit, but it alsoinplies 100 equal units contains therein, each one of
whi ch | ays equal claimto being the 100th. %

Nurmber has alimting Unit--the 100th Unit. By this, 100 differs
from 99 or 101. The distinction, however, is not qualitative.
Qualitativedistinctions are self-generated. Quantitative distinction
is externally inposed. The units do not count themselvesto 100. They
requi re "conparing externalreflection"--a mathematician--to dothe
counting. (204) 100 is thus externally derived. Once this is
acconplished, 100 "remains returnedintoitself andindifferent to

4 As Hegel puts it, "the breaking off [of the counting] of the
many ones and the exclusion of other ones appears as a determ nation
falling outside the enclosed ones."” (203)

% A related point was nade by Hegel earlier with regard to
Attraction. In chapter 3, Hegel stated that the Many Ones were fused
into One by Attraction. W were not, however, to assune that, am dst
the Many Ones, a single Caesar had risen to becone the inperial One.
Rat her, each of the Many Ones had an equal claimto the crown of One.
So it is with the Units in Nunber.



others." (204)

Hegel finishes his anal ysis of Nunber by enphasizingthat it is
an "absol utely determ nate” Unit, "which at the sane tine has the form
of sinpleimred acy and for which, therefore, therelationtoother is
conpl etely external ." (204) Besi des being this inmmed acy, Nunber is
al so a determ nateness. Its nmonents are Amount and Unit. This
contradi ction--Nunber as an i medi acy and determ nateness--is saidto
be "the quality of quantum"™ (204) which will lead to further
devel opnment .

Remark 1: The Species of Calculation in Arithmetic; Kant's
Synthetic Propositions a priori of Intuition

Geometry. In this |ong Remark, Hegel distinguishes and al so
rel ates geonetry and arithnmetic. Hegel identifies the science of
spati al magni tude as geonetry, whi ch has Conti nuous Magnitude as its
subj ect matter. Arithnetic has Discrete Magnitude for its subject
matter. Perhaps this can be seen in the Cartesian plane.

[AIl illustrations are set forth at
the end of this manuscript.]

Cartesian Plane

On the Cartesian plane, 100is arectangl e and so i s conti nuous t hrough
its allotted space. But thearithnetical 100is, |ike valor, the better
part of discreteness. It is sinply neither 99, 101, nor any ot her
Number .

Hegel enphasi zes that geonetry does not neasure spatial figures.
It only conmpares them When it trafficks in equality of sides or
equi di stance of points froma center, it owes no debt to nunber. Thus,
acircleisthe set of equidistant points froma givencenter. But if
geonetry wi shes to treat of triangles or rectangles that are not
squar es, nunber is requisite. Wiereas before geonetry was driven solely
by t he external force of the geonmeter, nowthe geonetry of triangles
and rectangles relies on Nunber, which contains a nonent of
Di scr et eness. Wiere Nunber appears, nere conpari son by t he geoneter no
| onger has exclusive jurisdiction.

Spatial geonetry nevertheless inplies and "continues into"
arithnmetic. Hegel returns tothe "point" that fromthe geonetric poi nt
springs the line of its own accord. > This is because the Zeus-1i ke
point was the Limt of the Athenianline. SinceLimt is acorrelative
termrequiring two subparts in need of correlation, the m nute we
designated the point as Limt, we had to think of point's correl ate--
the line. Hegel admts that this denonstration indicates that spati al
magni tude--i.e., geonetry free and cl ear of Nunber--generat es nuneri cal
magni t ude. The One of spatial nagnitude i medi ately subl ates itsel f and
continues on to becone the |ine of many Ones. Furthernore, tothe
extent alineislimted, theLimt of theline--the spatial point--
nmust be vi ewed as a Nunber that limts theline of many ones. Inthe
point, theline' s self-determ nedness is |ocated. Hence, fromthe

5% Carl son, supra note 2, at 521-22.



line' s perspective, its self-determnednessis self-external. That is,
the line repelsfromitself its Limt. The point seens to be that
geonetry i s never entirely isolated fromarithmetic, just as Continuity
is never entirely isolated from Di screteness.

Arithmetic. Arithmetic operates with Nunber (but does not
specul ate as to what Nunmber is). To arithnmetic, Nunber is "the
determ nateness whichisindifferent, inert; it nust be actuated from
wi t hout and so brought intoarelation.” (205) Thisis arithnetic's
function. Nunbers do not add t hensel ves. Arithnmetic is the tool of sone
outside wll.

Arithmetic has various nodes of relation--addition,
mul tiplication, etc. Arithnetic not being a specul ative enterprise, the
transitionfromone of these nodes to anot her i s not made prom nent.
These nodes can, however, all be derived fromthe very concept of
Number .

Nunber has for its principlethe oneandis, therefore,
sinply an aggregate externally put together, a purely
anal ytic figure devoid of any inner connectedness. (205)

Thus, an external "counter" breaks off the counting at, say, 100,
t hereby i sol ating this Nunber fromthe infinite others the counter nmay
have preferred. All calculation is essentially nmere counting.?®

Suppose we have two nunbers chosen by the counter. Whatever
relati onthese two nunbers have nust al so be supplied by the counter.
Thus, the counter nust deci de whet her to subtract or divide these
nunmbers. Nunber has a qualitative difference withinit--Unit and
Amount . But theidentity or difference between two gi ven Nunbers i s
entirely external.

Nunmber s can be produced i n two ways. W can count up the units and
produce a nunber. O we can subdi vi de froman aggr egat e al ready gi ven.
That i s, given 100, we can negate 70 of the Units andisolate 30. In
bot h cases, countingisinplicated. Oneis positive counting. The ot her
IS negative counting.

Addition and Multiplication. I n counting Units, the Anmount of the
Unit is set arbitrarily. We can count five single Units. Then we can
deci de to count sone nore--seven nore units are added. Hence, we get
7+5=12. In "addition,"” the relation of 7 and 5 is a conplete
contingency. These two Nunbers are quite i ndifferent to each ot her.
They were sinply put together by the mat hematici ans for their own
private purposes--an arranged, not a romantic, marriage.

We can al so count five Units of two (nultiplication). Hence,
mul tiplicationis the same as counting. What counts as a Unit (one, two
ten, etc.) is externally decided by the mathematician. All this
counting, however, is tedious and so, tosavetinme, welearn by rote
what the suns and products of two nunbers are.

Kantian Arithmetic. The sum7+5=12 was chosen by Hegel because
Kant used this very sumto denonstrate arithnmetic to be a synthetic

5 In the Lesser Logic, Hegel refers to the mathemati cal

operations as "telling a tale" about nunmbers. LESSER LoacC, supra note

25, § 103.



proposition. % Hegel denounces this conclusion of synthesis to be
meani ngl ess:

The sum of 5 and 7 neans the nmechanical [begrifflose]
conjunction of the two nunbers, and t he counti ng fromseven
onwar ds t hus mechani cal ly continued until the five units are
exhaust ed can be cal | ed a putting t oget her, a synt hesi s,
just li ke counting fromone onwards; but it is asynthesis
whol |y anal ytical innature, for the connectionis quite
artificial, thereisnothinginit or put intoit whichis
not quite externally given. (207-08)

It is not clear to me why Hegel is so heated i n denounci ng Kant's
i nvocation of synthesiswithregardto arithnetic. Was Kant not sinply
saying that 5 and 7 do not add t hensel ves? And i s not Hegel in conplete
agreenent that additionis amatter for the external counter? In short,
"synthesis" to Kant is what "externality of content” is for Hegel.

Hegel al so objects to Kant's conclusionthat arithneticis ana
priori synthesis. By a priori, Kant meant a synthesis of diverse
el ement s, none of whichis derived fromexperience.® | f we synt hesi ze
our experiences, then our know edge is nerely enpirical and contingent,
or a posteriori.® Hegel attacks the very distinction of aprioriand
a posteriori. He asserts that every sense or inpulse "hasinit thea
priori moment, just as nuch as space and tine, inthe shape of spati al
and tenporal existence, is determ ned a posteriori." (208) Thi s pl ai nt
isrelatedto Hegel's criticismof the unknowabl e thing-in-itself. In
ef fect, Hegel believes that our know edge of objectsis always aunity
of our perception (a posteriori) and the authentic integrity of the
object (a priori).®

Hegel praises, after afashion, Kant's notion of the synthetica
priori judgnent as bel onging "to what is great and i nperishableinhis
phi | osophy." (209) But what he |ikes about it is the specul ative
content Kant never brought to light. In the synthetic a priori
judgnment, "sonething differentiated. . . equallyis inseparable.”
(209) ldentityis"inits own self aninseparable difference.” (209) In
other words, if arithneticisa priorisynthetic, then 7+5 can be kept
apart and al so not kept apart simnmultaneously. Difference andidentity
each have their monents in 7+5=12. But this identity of identity and
di fference® i s no nere property of the a priori synthetic judgnment. |t

58 CRITIQE oF PrE REASON, supra note 10, at 10.
5 1d. at 60.
60 14d. at 44.

61 These denonstrations are made in the early chapters of the
Phenomenology.

62 The identity of identity and difference--a key Hegelian
sl ogan--has already been discussed in Remark 2 following "The Unity
of Being and Not hing"” in chapter 1. It will be expressly considered
as an inportant part of the Doctrine of Reflection.



isjust as much present inintuition--a posteriorijudgnment. Hence, the
conplinment to Kant is, at best, ironically tendered.

I n any case, Hegel attacks Kant's assertion that geonetry is
grounded i n synthesis. Kant conceded that sone of its axions are
anal ytic, but he also held as synthetic the proposition that the
shortest |line betweentwo pointsis astraight line.® |Incontrast,
Hegel has held that, at least if "point" is thought together with
Limt, the line generates itself. This self-generated line is
inherently sinple. "[I]ts extension does not invol ve any alterationin
its determ nation, or reference to another point or |ine outside
itself.” (208) Sinmplicity is the very Quality of the line, which
springs forthfromits Limt inthe point. Euclidtherefore was correct
inlisting anongst his postul ates the purely anal ytical proposition
t hat the shortest |ine betweentwo pointsis astraight |ine.% Because
thi s definitionincludes nothing heterogeneous to geonetry, Euclid's
proposition is analytic, not synthetic.®

Subtraction and Division. Subtraction and divi sion are negative
counting. Insubtraction ( i.e., 12-5=7) the Nunbers are i ndi fferent or
"general |y unequal " to each other. That is, given aline segnent of 12
units, we coul d have subdividedthelineas 7 and 5, or 9 and 3, or 11
and 1, etc. The two Nunmbers intowhichalineof 12 units is subdivided
bear no relation to each other.

If we nmake t he two Nunmbers (qualitatively) equal, then we have

63 CRTIQE oF PrE REASON, supra hote 10, at 10.

64 Euclid gave these four postul ates upon which all geonetry is
based:

(1) a straight |line segnent can be drawn joining any
two points.

(2) Any straight |ine segnent can be extended
indefinitely in a straight |ine.

(3) Gven any straight line segnent, a circle can be
drawn having the segnent as radius and one end point as
center.

(4) Al right angles are congruent.

DouaAs R. HorsTADTER, GODEL, ESscHER, BacH: AN ETERnAL GOLDEN BrRaiD 90
(1979). Afifth was added, but is nore controversial as to whether it
is "objective" or nerely "subjective."

(5) If two lines are drawn which intersect a third in
such a way that the sum of the inner angles on one side is
|l ess than two right angles, then the two |lines inevitably
must intersect each other on that side if extended far
enough.

Id. Hegel will return this fifth postulate nmuch |ater (807-08).
65 Antoni o Moretto, Hegel on Greek Mathematics and the Modern

Calculus, 1 n HecL AD Newron anism 149, 154 (M chael John Petry ed.
1993).



entered t he provi nce of division. Suppose we count up a Unit--say, 6.
The Nunber 12 now has a Unit of 6 and an Amount of 2.

Division is different from nultiplication, however. In
mul tiplication, where 6(2=12, it was a matter of indifference whether
6 counted as Anount or Unit.® Di vi si on woul d seemt o oper at e on anot her
principle. After all, if we solve the above for 2, then 2=12/6. 12/61is
not the same as 6/ 12. But, renenbering that "negative counting” takes
12 as given, it is |likew se i material whether the divisor (6) or
quotient (2) is Unit or Ampunt. If we say 6is Unit, we ask howoften
6is containedin12. If we say that the quotient (2) is Unit, then
"the problemisto divide anunber [12] into a gi ven anount of equal
parts [here, 6] and to find the magni tude of such part." (210)

Exponents. Inmultiplicationanddivision, thetwo Nunbers are
related to each other as Unit and Anmobunt. Yet Unit and Anount are
li kewise "still imediate with respect to each other and therefore
simply unequal." (210) If we insist that Unit and Anount be equal , we
wi || conpl ete the determ nations i mmanent w thi n Nunber. Thi s | ast node
of counting is the raising of a Nunber to a power.

Take 62=36. Here, "t he several nunbers to be added are t he sane. "
(210) Shoul d not Hegel have said the two nunbers [6 and 6] to be
multiplied are the same? No. Hegel has already saidthat nmultiplication
iscounting, just |ike addition. Hence, we shall count six units. Each
unit hassixinit. Inshort, we count fromlto 6. Next we count from
7to 12, and so forth. Eventually we reach 36. The point isthat in
squaring 6, Anount equals Unit.

| f we advance from62=36 to 63=216, "inequality enters again." The
newfactor (6), is equal tothe former Unit (6) and Anmount (6). But
this "newfactor" nmust nowbe taken as Unit. The prior square (62 is
now Anount . Hence, Unit and Anount are nownot equal . ®® But, at | east
if we stick with squares:

[w] e have here in principlethose determ nati ons of anount
and unit which, as the essential difference of the Noti on,
have t o be equal i zed bef or e nunber as a goi ng-out-of-itself

has conpletely returnedintoself . . . [T]hearithnetical
squar e al one cont ai ns an i mmanent absol ut e det er m nedness .
(211)

Her e we have a previ ewof what, inchapter 6, will be calledthe "Ratio
of Powers." The premiseisthat if weinsist that Unit equal s Amount,
t he nunber has a ki nd of resi stance to outsi de mani pul ati on. The Rati o
of Powers will represent thelast stage of Quantity. It is here that

66 By qualitative equality, | mean that Unit and Anpbunt have a
ki nd of discreteness to them O course, we external reflectors nust
deci de which of the two nunbers is Unit and which is Anpunt. These
nunbers do not yet determ ne thensel ves.

67 This is the "comutative" property of multiplication,
according to which ab = ba.

68 Of course, we could |ikew se say that 36 is Unit and 6 is
Anmpount .



Quantumrecapturesitsintegrity and wins its independence fromthe
counters who have so tyrannized it prior to that point.

The self-integrity that squares enjoy explains various
mat hermat i cal phenonena, accordi ng to Hegel . Thus, "hi gher equations"--
equat i ons i nvol vi ng power s hi gher than 2%°--nust be reduced to quadratic
equations, which only involve squares.’ This al so expl ai ns why
"equations wi th odd exponents can only be formally determ ned." (211)
By this Hegel seens to nean as follows: if | consider a higher equation
i nvol vi ng an odd exponent, | can cal cul ate the "root" ™ only by t he use
of i magi nary nunbers, such as - %1. 72 This route to the root is takento
be a bit of mathematical inperialism fromwhich nmere squares are
i mrune.

A last exanple of the dom nance of the square is that, in
geonetry, only "right" triangl es have i nmanent integrity. Inaright
triangle, where cis the hypotenuse, a?+b? = c?- - Pyt hagoras' s t heorem
Inthis figure aloneis there "absol ute determ nedness."” (211) For this
reason, all geonetric figures nust be reduced toright triangles for
their conplete determ nation.

Hegel has a nysterious paragraph on "graded instruction."” (212)
By t hi s he presumabl y neans ordi nary hi gh school math courses. ® Hegel

69 An exanpl e:
ax® + bx2 + cx +d =0
where a =/= 0.
° A quadratic equation has this form
ax?2 + bx + ¢ =0
where a =/= 0.

T 1n quadratic equations, there are always two different
sol utions, or roots, though occasionally the roots are equal to each
ot her (when b? = 4ac).

2 The entire sentence | aminterpreting asserts:

[ E] quations with odd exponents can only be
formally determ ned and, just when roots are
rati onal they cannot be found otherw se than by
an i magi nary expression, that is, by the
opposite of that which the roots are and
express. (211)

On solutions to the cubic equation, see Car B. Bover, A HiSTORY OF
MaTHEMATI CS 284-86 (rev. ed., 1991).

3 Significantly, Hegel wote these remarks while serving as a
hi gh school principal in Nuremburg, waiting inpatiently for a
university to offer hima professorship. TerRRy PINkARD, HeGEL: A
BioararpHY 332-51 (2000) .



states instructors teach about powers before they teach "proportions.™
| take "proportion” to nmean ordi nary division of nunbers--fractions.
Proportions are connected with t he difference between Unit and Anount.
That is, 6/2is not the sanme as 2/6--it rather matters which is the
di vi dend and whi ch t he di vi sor. The study of "proportions"” t hus goes
beyond i medi at e quant um where Unit and Anount are nere nonents. Any
such study is external to Quantum In Quantitative Ratio--to be
consi dered i n chapter 6--Nunber i s nolonger i medi at e quant um Rat her,
rati o possesses a determn nateness of its own. "™

Hegel has spent consi derabl e time derivingaddition, etc., from
the very concept of Nunmber. But, he warns:

It cannot be said that the progressive determnation of
t he speci es of cal cul ati on here given is a phil osophy of
them or that it exhibits, possibly, their inner
significance. (212)

Rat her, Hegel suggests that we nust di stingui sh what is self-external
to Nunber. When we i dentify what i s external to Nunber, then we know
t hat what t he Noti on acconpli shes happens i n an ext ernal manner. Thus,
any idea of equality or inequality of Nunbers is external to the
concept of Nunber as such.

Hegel concludes the Remark with this observation:

It is an essential requirenment when phil osophi zi ng about
real objects to distinguish those spheres to which a
specific formof the Notionbelongs. . . [Otherw sethe
pecul i ar nature of a subject matter whichis external and
contingent will be distorted by I deas, andsimlarly these
| deas wi ||l be distorted and made i nto sonething nerely
formal . (212)

Presumabl y t hi s warni ng neans t hat specul ati ve phil osophy has its
sphere, and hi gher mat hemati cs has i ts sphere. Each shoul d be wary of
permttingthe other field fromunduly interferingthe project at hand.

Remark 3: The Employment of Numerical Distinction for
Expressing Philosophical Notions

Hegel has already shown that "nunber is the absolute
det ermi nat eness of quantity, andits elenent is the difference which
has becone indifferent."” (212) The i ndi fference of Nunber inplies that
Nunmber finds its content inposed upon it fromthe outside. Thus,
arithnmeticis an anal ytical science. It does not containthe Notion.
Al'l the conbinationsinarithnetic arenot intrinsictothe concept of
Number "but are effected onit in a wholly external manner." It is

" Of course, earlier Hegel has suggested that "proportions" are
sinmply negative counting, involving Unit and Amount, just |ike
addition or multiplication. See supra text acconpanyi ng notes 60-61.
Here Hegel reverses field and states that division is nore "advanced"
than positive counting. Perhaps this is true only froma pedagogi cal
poi nt of view.



t heref ore "no probl emfor specul ati ve thought, but is the antithesis of
the Notion." (212) Wen t hought engages inarithnetic, it isinvolved
in activity which is the

extreme externalizationof itself, anactivityinwiichit
is forced to nove in a real mof thoughtl essness and to
conmbi ne el ements which are incapable of any necessary
relationships." (213)

Mat hematics is "the abstract thought of externalityitself." (213)
For this very reason, Nunber is the abstract versi on of sense (al so
external to thought). I n Nunber, "sense is brought cl osest to t hought:
nunber is the pure thought of thought's own externalization." (213)

The anci ents knewt hat Nunber stands m dway bet ween sense and
t hought. They knew t hat phil osophy was not fit for nmere nunbers--
sonet hi ng Hegel's contenporaries had forgotten.

Hegel rel ates t he Many Ones to sensual material. The Many "is in
its own sel f external and so proper to sense.” (213) When t hought - -
"what i s nost alive and nost active"--is translated to Nunber, then
what is concrete turns into what is abstract--"dead, inert
determ nations." (214)

Nunmber s are supposed t o be educati onal for students, but Hegel
thinks this is over-rated.

Nunber i s a non-sensuous obj ect, and occupationwithit and
its conbi nations is anon-sensuous business; init mndis
held tocommuningwithitself . . . anmatter of great though
one-si ded i nportance. (216)

But occupati on w th nunbers "is an unt hi nki ng, mechani cal one. The
effort consists nmainly in holdingfast what i s devoi d of the Noti on and
inconbiningit purely nechanically." (216) Calcul ation dulls the mnd
and enpties it of substance. Cal culationis so debased, Hegel notes,

"that it has been possible to construct machines which perform
arithmetical operations with conplete accuracy." (216)

B. Extensive and Intensive Quantum
(a) Their Difference

In Figure 13(c), Nunber can be interpreted as a having its
determ nateness isolatedin Arount [4, 5 6].7°[7] is Nunmber's Unit,
whi ch can be taken, inits Di screteness, as aplurality, since Arount
continues right throughit. [7] has no beingoutsideits Limt. This
Limt is not external to[7], asit was in chapter 3. Quantum"withits
[imt, which [Limt] isinits own self aplurality, is extensive
magnitude." (217)

[AIl illustrations are set forth at
the end of this manuscript.]

> [6] is beyond Amount proper. But, since Unit is just as nuch
Amount as Anount, [6] can be included as part of the determ nateness
whi ch Hegel names as Anount.



Figure 14 (a)
Extensive Magnitude
(Extensive Quantum)

Si nce Ext ensi ve Magni tude represents arecognitionthat [7] is infused
withitsLimt[4, 5 6], we showhere that the Understandi ng grasps
theentire m ddl e termas a whol e. Figure 14(a) stands for an advance
in Quantum s quest to recapture its Being-for-self.

Ext ensi ve Magni tude i s to be di stingui shed fromthe earlier stage
of Conti nuous Magnitude in Figure 12(a). Conti nuous Magni tude was a
conmponent part of Nunmber. It was derived by extracting[4, 5, 6] from
Quantum I n Conti nuous Magni tude, Quantumwas thus identical withits
Limt. "Continuous magni tude i s not yet truly determ ned as being for
itself because it |acks the one (in which being-for-selfness is
i nplied) and nunmber." (217) It does not receive this "one" until
Di al ectical Reason arrivesto bringout thenerelyinplicit idea of
Di screte Magni tude. Conti nuous Magni tude has positedinit "only one of
the two sides which together make quantumful ly determ ned and a
number." (217)

Di screte Magni tude was nore advanced. It brought out what was
nmerely inplicit in Continuous Magni tude, but it al so suffered fromthe
sane fault. I n D screte Magnitude, there was a di screteness [ 3] which
did not expressly admt its unity with Continuous Magnitude.

VWhat was nerely in-itself inthese earlier stages i s now nmade
express. "Extensive and i ntensi ve magni t udes are det er m nat enesses of
the quantitative Iimititself." (217) That i s, Extensive Magnitudeis
nor e expressly a determ nateness. Figure 14(a) thus shows not just the
plurality of [4, 5, 6] but also [7]--itself taken as infused with
plurality--being grasped by the Understanding. I ncontrast, Continuous
and Di screte Magni tude were "determ nati ons of magni tude in itself."
(217) Thus:

Ext ensi ve magni t ude has t he nonment of continuity present
withinitself andinitslimt, for its many is altogether
continuous; thelimt as negati on appears, therefore, in
this equality of the many as a limting of the oneness.
(217)

Referring to Figure 14(a), Hegel states that Nunber "is i mredi ately an
extensive quantum-the simple det erm nat eness whichis essentially an
amount, but an anmount of one and the saneunit.” (217) The difference
bet ween Ext ensi ve Magni t ude and Nunber is only this: "in nunber the
determ nateness i s expressly positedas aplurality.” (218) Nowt he
unity of Nunmber cones to the fore.

| f something is determ ned interns of Nunber, it need not be
di sti ngui shed fromsone other nunerical |y det erm ned sonet hi ng. Thus,
if I say | have three things and you say you have four things, our
"t hi ngs" have not yet been di stingui shed i n and of t hensel ves. They are
still honobgeneous "things" inspite of the nunerical difference.” This

6 Of course, they are distinguished because sonme of the things
are mne and sone are yours. But this "quality" of the things is
purely external to the things thenselves. They are utterly



is "because the determ nateness of magnitude as such is a limt
determ nate by itself." (218) The det er m nat eness of nmagni tude i s not
determ ned by the things towhichit is applied. Nunmber is rather
indifferent tothe things to whichwe apply them Wthin Nunber is a
conpl et e openness to external | y i nposed content. In short, we can use
Nunmber to count any qualitative thing.

Hegel nowreturns to Anmount, where plurality was nade i nt o one.
W t hi n Amount, each of the Many Ones was t he sane as any ot her. None
was primus inter pares. |f Amount is 100, each one coul d cl ai mto be
t he det erm ni ng 100t h. Hence, Anount di d not exhi bit det erm nat eness as
such (Limt). Amount thus collapsed into Unit.

| n Ext ensi ve Magni tude, this determ nateness i s nowexpressly
acknow edged as the Limt of Nunber. But Dial ectical Reason now
i ntervenes to point out that the determnateness is|ikewi seaunity.
Hence:

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 14 (b)
Intensive Magnitude (Degree)

Of Figure 14(b), Hegel wites, "the limt of quantum which as
extensive hadits real determ nateness inthe self-external anount,
passes over into simple determinateness."” Here, | think, we have sel f-
erasure. Extensive Magnitude says, ineffect, "I amnot aunity."” Unity
therefore fl ees the precinct of Extensive Magni tude and t akes sanctuary
in Intensive Magnitude.

Thus, Intensive Magnitude is a "sinple determ nation of the
[imt." (218) This determ nateness rendered unitaryis alsocalled
Degr ee.

Degree i s a speci fic magni tude. For exanple, it i s the 100t h One.
As such, it "is not an aggregate or plural within itself." (218)
Rather, it is a "plurality only in principle.” (218) In Degree,
"determ nate being has returned into being-for-self." (218)7

The det er mi nat eness of Degree nust be expressed by a nunber. It
nmust be, for exanple, the 100th One. Inthis expression, 100 i s not
Amount. It isonly unitary (or a degree). Now, a single One energes as
primus inter pares over all the other Ones.’

indifferent to whomtheir owners are.
" Shakespear e agrees:
Take but degree away, untune that string,
And, hark, what discord follows! each thing neets
| n mere oppugnancy .
W I Iiam Shakespeare, Troilus and Cressida.

8 Perhaps sone of this is m ssed by Justus Hartnack in his
descri ption of Extensive Magnitude:



Degree enj oys a being-for-self. It resists continuity in away
that, inthe earlier stages of Quantity, the Many Ones coul d not. But,
at the same ti me, Degree's content is external toitself. If it isthe
100t h, the "100" is outside of it. It i s Extensi ve Magni tude t hat owns
plurality--the externality of Degree. Yet thispluralityis|likew se
One. Ineffect, Extensive Magni tude has already turnedit into One,
when it said, "I amplurality itself.” In this posture, Extensive
Magni t ude, by announcingitself not aunity, unifiedthepluralityin
[ 1] . Hence, Degree and Ext ensi ve Magni tude are doi ng t he sane t hi ng- -
expel ling their own content, which we can nowinterpret as [2]. Hence,
"[a] plurality [1, 2] external to the degree [3] constitutes the
determ nateness of asinplelimt which the degreeisfor itself.”
(219)

This of course produces a mddle term of which Hegel wites:

Nunmber as a one, being posited as self-relationreflected
into itself, excludes fromitself the indifference and
externality of the anount [i.e., theplurality] andis self-
relation as relation through itself to an externality. (219)

Notice thereturn of self-erasure. InFigure 13(a) and 13(b), the left
extreme announced an i rmedi acy (Anount) and t he ri ght extrene brought
out the ideal noment (Unit) that theinmrediacy did not fully enphasi ze.
Now, in Figure 14(a), Extensive Magnitude sheds its unity [2] and
i nsists on being plural as such (and in so doing unifiesthe plural
into[1]). Meanwhile theunity it shed [2] was secretly plural [1, 2].

To say abut a quantumthat it is na extensive
magnitude is to say that it is neasurable. If | say about
a quantumthat its length is ten yards, this neans that
yard follows upon yard until one reaches the end, the
tenth yard (ten being the limting nunmber) . . . By
perform ng the act of counting, | treat the quantum as an
extensi ve quantum

JusTus HARTNACK, AN | NTRoDUCTION TO HEGEL' s Loac 32 (Lars Aagaar d-
Mogensen trans., 1998). My problemw th this account is that it does
not quite capture Extensive Magnitude's role in making Degree
coherent. Thus, if we think of the tenth yard, Extensive Magnitude is
the plurality of nunmbers which are not tenth. Hence, Extensive
Magnitude is the first nine yards and the el eventh yard and beyond.
Ext ensive Magnitude is therefore not a Quantum on which we focus but
rat her the background whi ch nakes Degree coherent.

Hart nack goes on to say:

If we talk about . . . a roomtenperature of 20° C, then
t he degrees bel ow 20° never forned an extensive magnitude
t hat was absorbed in that degree of tenperature . . . The

degree cannot be verified by adding the degrees bel ow 20°-
-as we can add the yards

Id. | think this is absolutely wong. The Extensive Magnitude of 20°
is precisely all the degrees that 20° excludes.



Degree does the sane. It shedsits plurality [2] and insists on being
One [3]. The mddle termnanes this self-relation.

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 14 (c)
The Quality of Quantum

Inthis mddleterm "quantumas areality [is] conformabletoits
Notion." (219) The word "reality,"” perhaps, connotes "being" in
conjunctionw thits non-being, although, sincereality has |ong since
givenway toideality, "reality"” nust be takenin the subl at ed sense.
But non-bei ng here nmust be under stood as containing all the content
that Quantity has shed into the external realm

The mddleterm in pickingup[2] fromFi gure 14(b), enphasi zes
a determ nateness that isindifferent toits extremes. [2] infact
consi sts of material shed by the extrenmesintheir indifference. This
indifferent determnateness is precisely thegquality of Quantity--that
Quantity is indifferent to its content.

Hegel concl udes this section by droppi ng back and descri bi ng
Degree as different fromExtensive Magnitude. Degree is a unitary
determ nateness [2, 3]. But it is unitary am dst a self-external
plurality [1, 2, 3]. Each Degree differs fromanot her Degree, but the
Degrees are | i kewi se "essentially interrelated sothat eachhasits
determ nateness inthis continuity wwththe others." (219) Thereis a
continuity running through the Degrees, which nakes possible an

ascent and descent inthe scal e of degrees of a conti nuous
progress, aflux, whichis an uninterrupted, indivisible
al teration; none of the various distinct degrees i s separate
fromthe ot hers but eachis determ ned only through them
(219)

Degreeis what it i s because of what is external toit. It istherefore
not indifferent toits content--eventhoughit actually shed this sane
content in an act of indifference. O, as always, by show ng
indifference to its content, Degree denonstrated how absolutely
dependent it is onit. This very contradictionis the Quality of
Quantum as shown in Figure 14(c).

(b) Identity of Extensive and Intensive Magnitude

The | ast section di scussed the difference bet ween Ext ensi ve and
| nt ensi ve Magni tude. Ironically, difference was gathered together ina
mddleterm the very Quality of Quantumis indifferenceto content.
Now we shal | explore this Quality/difference and di scover theidentity
[urking within Figure 14(c)--as if that were not already plainly
vi si bl e there.



Qur next move is as foll ows:

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 15 (a)
Intensive Magnitude (Degree)

The Under st andi ng now t akes up one side of the mddleterm But it
fully sees that it takes up the one side. Hence, it noves t he whol e of
the mddle term even as it isol ates Degree.

Wthregardto I ntensive Magni tude taken positively, we | earn that
"Degreeis not external toitself wwthinitself." (220) That is, [1] is
taken as a sinpl e imediacy. It i s, however, nore advanced t han t he
"indeterminate one, the principle of nunber as such," (220) i.e.,
Di screteness. Degreeis alsoto be distinguishedfromits ancestor,
Amount, "save in the negative sense of not being any particular
anmount . " Rat her, Degree is

primarily a unitary one of a plurality; there are many
degrees, but they are determ ned neither as a si npl e one nor
as a plurality, but only in the relation of this self-
externality . . . If, therefore, the many as such are i ndeed
outside the sinple unitary degree, nevertheless the
det er mi nat eness of the degree consistsinitsrelationto
them it thus contains amount. (220)

| n ot her words, Degree[1, 2] shedsits content [2]--plurality--but by
shedding it contains it.

What it sheds, of course, is other degrees, with which it is
continuous--evenwhileit self-relates. Thus, the twentieth degree
sheds all the other degrees, even while it retains for itself the
"twenty"--which uniquely distinguishesthetwentieth degree fromall
ot hers. These excl uded degrees can be cal |l ed, col | ecti vel y, Extensive
Magni tude (or Extensive Quantum--this tinme taken negatively.

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 15 (b)
Extensive Magnitude

Thanks to this exploration of the Quality of Quantum we can see
clearly that

[ e] xt ensi ve and i nt ensi ve magni t ude are t hus one and t he
sane det er m nat eness of quantum they are only di stingui shed
by t he one havi ng anmount withinitself and t he ot her havi ng
anount outside itself. (220)

Simlarly, we previously sawthat Unit and Arount were t he sane--al so
Cont i nuous and Di screte Magni tude. Throughout Quantity, the extrenes
end up bei ng each ot her--here, expressly as I ntensi ve and Ext ensi ve
Magni tude have literally swapped pl aces.



The m ddl e term between the obversely charged extrenes is:

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 15 (c)
Qualitative Something

This unity is an "identity . . . whichis self-related through the
negation of its differences."” (221) Inshort, it i s the standard nove
of Specul ati ve Reason, as developedin and after the TrueInfinite. It
names t he very act of the extrenes i n erasing thensel ves and stating
what they are not.

Of course, "Sonething" was the name of Figure 2(c)--a unity
bet ween Det er m nat e Bei ng and Negati on. Furthernore, "Quality" has | ong
since been subl ated. Why does Hegel use the phrase Qualitative
Sonmet hi ng here?

Degree (inbothits forns of plural and unique) still hasits
content outsideitself. The Qualitative Sonethingis precisely that
content - - but taken negatively as sinply the opposite of Quantum Degree
depends on that Qualitative Sonething to define what it is. Meanwhil e,
as Degree changes, the Qualitative Sonething remains what it is. Such
a Sonething is indifferent to its quantitative limt.

To be sure, the Qualitative Sonethingis a Quantum But it is
Quantumthat isindifferent to Quantum It is substratetothe nore
primtive quanta.

Quantum nunber as such, and so forth coul d be spoken of
wi t hout any nention of its havi ng a sonet hi ng as substrate.
But t he sonmet hi ng nowconfronts . . . its determ nati ons,
t hr ough t he negation of whichit ismediatedwithitself, as
existing for itself and, since it has a quantum as
sonet hi ng whi ch has an extensi ve and an i nt ensi ve quant um
(221)

Wiy i s the Qualitative Sonet hi ng a nere Quant unf? Renenber that the nere
Sonet hi ng was far | ess subsistent than the Qualitative Sonmet hi ng. Now
we have t he sonet hing t hat positivelyresists the transgressionof its
Limt--which the original Something could not achieve.

Remark 1: Example of This Identity
Inthis Remark, Hegel states that Extensive Magnitude is usually

associatedwith matter inits occupation of space--density. But density
i s turnedinto sonethingintensive and sonet hi ng dynam c. Density ("t he

specific filling of space”) shoul d not be understood as "a certain
aggregate and amount of material parts in a quantumof space, but as a
certain degree of the space-filling force of matter." (221)

I n the nmechani cal point of view, the concept of separately
exi sting, i ndependent parts conmes into play, "whichareonly externally
conmbi ned i nto a whol e.™ (222) But in convertingto the dynam c poi nt of
view, thereis the concept of force. Inits occupation of space, an
aggregat e of atons, each external tothe other, is "regarded as t he
expressi on of an underlying sinpleforce." (222) These consi derati on of



whol e and parts, or of force and expression, are too advanced for
Quantum and will be considered |ater on, Hegel assures us.’
Nevert hel ess, it can be said nowthat therelationof forceandits
expression corresponds to Intensive and Extensive Magnitude
respectively. In other words, |ike Degree, Force is one-sided and
cannot be consi dered separately fromits expression.

Wthregard to I ntensive Magni tude, Hegel gives the exanpl e of the
circlewithits 360 degrees. The det er m nat eness of any one degree
"derives essentially fromthe many parts outsideit." (222) One degree
of the circle depends on its relation with the other 359.

More concrete objects exhibit the dual aspect of being both
extensi ve and i nt ensi ve. Extensive Magni tude represents the outer being
of such an obj ect. Intensive Magnitude represents the i nwardness of it.
Hegel gives the exanpl e of mass as weight. It i s an Ext ensi ve Magni t ude
insofar asit constitutes an amount of pounds. It is an Intensive
Magnitude in so far as it exerts a certain pressure. Pressure is
expressed as a degree on a scale.

As exerting pressure, nass i s mani fested as a bei ng-wi t hi n-
self, as a subject to which belongs a difference of
i nt ensi ve magni tude. Conversely, that which exerts this
degree of pressure i s capabl e of di spl acing a certai n amount
of pounds, etc., and its magnitude i s neasured by this.
(223)

Heat fanously has a Degree. But it al so has Ext ensi ve Magni t ude- -
t he expansi on of mercury in a thernoneter or the expansion of air.
Musi cal not es have a Degree- - pit ch--and Ext ensi ve Magni t ude- -t he nunber
of vibrations.

Meanwhi | e, inthe sphere of spirit, "highintensity of character,
of tal ent or genius, is bound upwith acorrespondingly far-reaching
reality in the outer world." (223)

Remark 2: The determination of degree as applied by Kant to
the soul

Kant applied I nt ensi ve Magni tude to t he net aphysi cal determ nati on
of the soul, Hegel says. Kant consi ders the inference of the soul's
immortality fromthe soul's sinplicity, an inference he opposes. ® Kant
proceeds as follows: Admt the soul is sinple. It thus has no Ext ensi ve
Magni tude--no plurality toit. Neverthel ess, the soul has I ntensive
Magni t ude- - a Degree of reality. This degree can di m ni sh gradual | y and
eventual |l y vani sh.

Kant's m stake is to consider the soul a"thing." If it were so,
thentoit could be attributed Quantum But, Hegel, protests, the soul
is Spirit, and Spirit forever exceeds the bounds of nmere thinghood.

 This will occur in the m ddle chapters of the Doctrine of
Essence.

80 See CRTIQE o PurRE REasan, supra note 10, at 221.



(c) Alteration of Quantum

M ddl e ternms have general ly proved t o be nanes for activities.
Thus, Becom ng named t he nodul ati on bet ween Pur e Bei ng and Not hi ng. The
Qught naned the sel f-erasure of the Finites. Li kewi se, the Qualitative
Sonet hi ng nanes t he sel f-erasure of Extensive and I ntensi ve Magni t ude
each taken in turn.

The "di fference" between Extensive and I nt ensi ve Magni tude [ 2]
beconmes the Qualitative Sonet hi ng--the m ddl e termshown i n Fi gure
15(c). This "difference"--the Sonmething--isindifferent to Quantum
Quantumin fact has negated itself and is ineffectual against the
Qualitative Somet hing. Furthernore, Degree is saidto be "the existence
of this externality which quantumiswthinitself." (224) That is,
Degree [1] is external tothe Qualitative Sonething, and as such Degree
exi sts.

The Qualitative Somet hing of Figure 15(c) is said to be self-
contradictory. It is "posited as being the sinple, self-related
determ nateness which is the negation of itself, having its
determ nateness not withinitself but in another quantum™ (225) In
ot her words, Extensive Magnitude in Figure 15(b) eraseditself, and a
new Quant umwas produced. Taken as Quantum the Qualitative Sonet hi ng
has its entire determ nateness [4-6] outside of itself [7]--in Degree
and Extensi ve Magnitude. Yet it is sinmultaneously quiteimune from
t hese det erm nat enesses.

If we focus onthe fact that the Qualitative Something hasits
entire determ nat eness outside of itself, we can say in fairness that
it is "in absolute continuity with its externality, with its
ot herness." (225) Fromthi s perspective (even while admttingthat the
Qualitative Somet hingis inmmune fromother quanta), the Qualitative
Sorret hi ng can both "transcend every quantitative determ nateness" and
be altered. (225) In fact, Hegel says it must alter.

In the Qualitative Sonmething, Quantum reveals the "express
character” of inpelling itself beyond itself into its external
character, thereby becom ng an other. That is, the Qualitative
Sonethingis quantitative determ nateness. As such, it consistsin
under goi ng i ncrease or decrease:

The quantitative determ nateness continuesitself intoits
ot herness i n such a manner that the determ nation hasits
being only inthis continuity with an other; it is not a
simply affirmative limt, but a limt which becomes. (225)

When Quantumi npel s itself beyonditself, it becones anot her Quantum

But this newQuantumis "alimt which does not stay." (225) The new
Quant umbecones yet anot her Quantum " and so on to infinity." (225)

Wththis we are ready to nove onto Hegel's nonunental treatnment of

Quantitative Infinity, anuntravell ed country fromwhose bourne few
readers have ever returned.

C. Quantitative Infinity
(a) Its Notion

The nature of Quantumis to alter itself into another Quant umad
infinitum. As it alters, it conveystoits otherthe very status of



"Quantumness." "[T] he other is thus al so a quantum " (225) Yet it is
si mul taneously, the very negati on of Quantumness itself, "the negative
of quantumas limted." (225)8!

To drawthi s, we concei ve t he Under st andi ng i sol ati ng t he very act
of Quantum goi ng outside itself:

[All illustrations are set forth at
the end of this manuscript.]

Figure 16 (a)
Quantitative Infinity

Hegel writes that Quantitative Infinity is

is anought-to-be; it is by inplication determned as bei ng
for itself, and this being-determned-for-itself is rather
t he bei ng- det er m ned-i n-an-ot her, and, conversely, it is the
subl ati on of bei ng-determ ned-in-an-other, is an indifferent
subsisting for itself. (226)

Are all these things true? Yes. Recall that the OQught was t he sel f-
erasure of the Finite. NowQuantumerases itself and becomes O her.
Thi s was t he qui ntessenti al nove of Bei ng-for-self. Being-for-self
turneditself into Quantity, which was total being-determ ned-in-an-
ot her. But now Quantum as Quantitative Infinity, sublates (i.e.,
i ncludes) all the other quanta. It is allthe quanta. As such, it is
indifferent toexternality, because it has swal |l owed every Nunber. It
is therefore indifferently subsisting for itself and no other.

Hegel nowconpares Quantitative Infinity tothe Quantumof earlier
stages. The Quantumwas finite but inpelled beyonditself. Quantitative
Infinityis "unlimtedness" and al so "returnedness intoitself, its
indifferent being-for-self.” "[I]ntheinfinite, quantumpossessesits
final determ nateness."” (226)

Yet thisInfinitylikew se contains the "inpulsetogo beyond
itself toanother inwhichits determ nationlies." (226)8% Therefore,
the Quantitative lnfinityisaSpuriousInfinite--aFinitethat propels
itself to yet another Finite, which in turn propelsitself to yet
another Finite.?®

8 Errol Harris puts it this way: "The contradiction of Quantum
is that its internal determnation rests in alimt which inits very
nature posits an external other, on which the precise magnitude of
the quantumis as nuch dependent as it is on what precedes the
[imt." ERRA E. HARR'S, AN | NTERPRETATION OF THE Loa ¢ oF HeceL 138
(1983).

82 1d. at 136. ("And as the continuity of quantum expresses
itself equally in endless extensity and in endl ess di mnution, the
progression is interm nable either way, though neither the
infinitesimal nor the infinite is ever attainable").

8 The return trip is not to the original Nunmber but to some
| arger or smaller Nunber ad infinitum. This conclusion is conpelled



The upshot of these contradictions is that Quantumhas both
Finitude and the Quantitative Infinity in it at the same tine.

What is the difference between Qualitative and Quantitative
Infinity? InQualitative lInfinity, the extrenes--[1] and [ 3]--stood
"abstract!ly opposed” to each other. Their unity was only "in-itself"--
implicit. Thisrelationof the Finites was their transition (self-
erasure) outside thensel ves. The self-erasurelay inthe being-in-
itself [2] of the Finites. This in-itself ("[q]Jualitative
determ nat eness, as an imedi acy") isrelatedtoits others "as to an
alienbeing; it is not positedas having its negation, its other within
it. [T]herefore the finite continues itself into its other only
implicitly, not affirmatively." (226)

Quantity, incontrast is "subl ated determ nateness; it iSposited
as beingunlikeitself and indifferent toitself, consequently as
alterable.” (226) The Quantitative Infinite expressiycontinues itself
into its other. In short, the in-itself has become for-itself.?8

(b) The Quantitative Infinite Progress
Qur next stage is drawn as foll ows:

Figure 16 (b)
Quantitative Infinite Progress

Inthis stage of Dial ectical Reason, the extrenmes fall into a
Spurious Infinity--a sensel ess nodul ati on back and forth, but thistine
with a quantitative flavor. Hegel describes this flavor as foll ows:

[I]n the sphere of quantity the limt in its own self
di spatches and continuesitself intoits beyond and hence,
conversely, the quantitativeinfinite toois posited as
having quantum within it; for quantum in its self-
externalityisalsoitsowmself, itsexternality belongsto
its determ nation. (227)

I n ot her words, at the level of Quantity, the Infinite self-consciously

by the | esson learned in the One and the Many. Carlson, supra note 2,
at 566-68. There, the entity out of which the new entity springs does
not go out of existence. Rather, the new entity springs out of itself
and into yet another entity, creating infinitely Many Ones. The sane

result happens in Quantitative Infinity, though Hegel nowhere says so
explicitly.

8 It is possible to quibble with Errol Harris's remark that, to
resol ve Quantum s contradiction, "the externality of the other nust
sonehow be internalized to produce a true infinity." HaRRS, supra
note 11, at 136. At this stage, the extremes each have |ong since
been True Infinites. Precisely what Quantum nust express is that it
is as much its other as it is its own self. Hence, Harris is right
that the external nust be internalized, but the external nust also
stay external as it becomes internal. Furthernore, it is already a
True Infinite and therefore need not, at this |ate stage, becone one.



goes beyond itself and stayswithinitself asit travels intothis
beyond.

Hegel says the "progresstoinfinity" isinplicit in"quantumas
such," its "expression of contradiction." (227)8 This progress,
however, is not the resolution of the contradiction. (This nust await
themddleterminFigure 16(c).) Thereis, however, a nere show of
resol uti on, which Hegel bl anmes on Continuity of one extrenme intothe
ot her.

As Hegel seesit, the Quantitative Infinite Progress prom sesto
attaintheinfinite but never actually delivers. "[I]t does not get
beyond quantum nor does the infinite beconme positively present." (227)
The probl emi s that Quantum by its nature, al ways has a beyond and i s
never fully present.

Thi s beyond, consi dered onits own, is the non-being of Quantum
By its own act, Quantumvani shes into this beyond. Nevert hel ess,
Quantumcontai ns a qualitati ve nonent i n which it does not vani shinto
its beyond. But, simultaneously, Quantumcontinues into the beyond--its
quantitative nonent. Thus, "quantumconsi sts precisely in beingthe
other of itself, in being external to itself; this [beyond] is,
t heref ore, no nore an ot her than quantumitself." (227) Inshort, this
beyond is itself another Quantum "Inthis way, the beyondis recalled
fromits flight and the infinite is attained."” (227) But such an
infiniteis spurious. (228) It is just another Quantum "[W hat has
been positedisonlyafreshlimt." (227) This generates the fam|liar
nodul ati on back and forth between extrenes.

The two extrenmes are unifiedinthe expression"infinitely great

or infinitely small." (227) But any fixed notion (or "absolute
det erm nateness”) of these ideas is not attained. Each of the extrenes
still bears the character of quantumand t herefore renai ns al terabl e.

(227) Each extrene is thus posited as sel f-external. Thereis always a
"nmore" or "less." This beyond to any gi ven expression of theinfinitely
smal | or great is anonment of qualitative oppositioninevery Quantum
Thi s neans t hat a decrease of theinfinitely small or anincrease of
theinfinitelylarge brings us noclosertoinfinity. Infinityis thus
aliar. Theinfinitely great "is supposed to be great, that is, a
gquantum and infinite, that is, not a quantum "™ (228) Infinity,
however, is Quantum only.
Accordingly, Quantitative Infinity is spurious:

Likethe qualitative spuriousinfinite, it is the perpetual
novenment to and fro from one term of the lasting
contradictiontotheother, fromthelimt toits non-being,
and fromthis back again to the limt. (228)

There i s neverthel ess progress fromthe qualitativeinfinite. There,
t he novenent was t owar ds "an abstract otherin general ." (228) Nowi t
istowards "an explicitly different quantum"” (228) But a qualitative

8 The presence of spurious infinity in every nunber will becone
vividly apparent in the Maclaurin series, where any fixed nunber can
be expanded into an unconpletable infinite series. See infra note
145.



nonment prevents Quantitative Infinity fromreachi ng conpl eti on. 8 Hence,
the Quantitative Infinite Progress is

not a real advance but a repetition of one and the sane
t hing, a positing, asublating, and then again a positing
and agai n a subl ating, an i npotence of the negative, for
what it sublatesis continuouswthit, andinthe very act
of being sublated returns to it. (228)

VWhat i s the bond bet ween t he two extrenes of Figure 16(b)? Sinply
t hat each fl ees fromthe other, "andin fl eeing fromeach ot her t hey
cannot becone separated but are joined together evenintheir flight."
(228)

Remark 1: The High Repute of the Progress to Infinity

Hegel was no adm rer of Quantitative Infinity. No doubt it is held
to be sublinme, and "in philosophy it has beenregarded as ultimate."
(228) Wth Kant obviously in m nd, Hegel remarks:

[ T] hi s modern sublimty does not nmagni fy the object--rather
does this take flight--but only the subject which
assim |l ates such vast quantities. (229)

| n The Critique of Judgment, Kant defined sublinmty as a subjective
feeling that one could actually knowthe thing-in-itself (whichis
i npossi bl e).8 Hence, the sublinme definitely does exalt the subject (and
not the object) in Kant's worKk.

What nakes t hought succunb to the awe of the Quantitative lnfinite
Progress, Hegel remarks,

i s nothing el se but the weari sonme repetition which nmakes a
limt vanish, reappear, and t hen vanish again. . . giving
only the feeling of the impotenceof thisinfiniteor this
ought -t o- be, whi ch would be nmaster of the finite and cannot.
(229) 88

8 Lacanians will recognize this qualitative nmonent as
structurally simlar to trauma--a stunbling bl ock, or piece of the
Real , which prevents the patient fromconpleting his fantasy. Brue
FIng  THE LACANIAN SUBJECT: BETWEEN LANGUAGE AND Jourssance 26 (1995).

87 ] vNUEL KanT, CRTIQE oF Jubavent 100-01 (J.H. Bernhard trans.,
1951); see also | mNuEL KanT, CRITIQUE OF PRACTICAL REASON 142 (T. K.
Abbott trans., 1996).

8 The | ate Carl Sagan, the telegenic Cornell astronomner,
produced a popular TV program on astronony in which he frequently
announced his astoni shnment at the "billions and billions of stars” in
the universe. Hegel reserves special scorn on such astrononers.

The shal | ow astoni shnment to which they surrender
t hensel ves, the absurd hopes of wandering in another life



Kant conpares the sublime tothe wi thdrawal of the individual into
hi s ego, where the indivi dual opposes his absol ute freedomto all the
terrors of tyranny and fate. At this nonent, Kant says, the individual
knows hinmself to be equal to hinself.?8

Of this withdrawn ego, Hegel agrees that it is "the reached
beyond; it has come to itself, is withitself, here and now. " (230)
Thi s hi ghly negative thing--the ego--has "determ natereality . . .
confronting it as a beyond." (231) In this w thdrawal of the ego,

[w] e are faced with t hat sanme contradiction whichlies at
t he base of theinfinite progress, nanely areturnedness-
into-self whichis at the sane tinme i medi ately an out - of -
selfness, arelationtoits other astoits non-being.
(231)

It will berecalledthat Quantitativelnfinity stayedwithinitself,
but this "in-itself" had no content. All the content was i n the beyond.
Sinul taneous withits being-for-self, Quantitative Infinity was pure
flight intothe beyond and hence a const ant nodul ati on bet ween t hese
moment s of flight and return. NowHegel says that the egois the sane
thing. Here we have the Lacani an vi ew of the subj ect as suspended
bet ween t he real mof the Synbolic (i.e., "being"”) and the Real (i.e.,
not hi ng) . %

That t he Lacani an subj ect finds part of its selfhoodinits beyond
isthe structure of desireitself. The Lacani an subj ect seeks whol eness
but cannot achieveit. This is what Lacan cal |l ed synbolic castrati on.
Hegel , however, sees this precisely sone 150 years before Lacan. ** Thus,

fromone star to another . . . this they declare to be a
cardinal factor in the excellence of their science .
(230)

See also LEssER Loac, supra note 25, 8 94 Remark ("the infinity of
[ space] has formed the theme of barren declamation to astrononers
with a talent for edification").

8 CrRTIQE oF PrACTICAL REAsON, supra note 87, at ---. [Probably
toward the cl ose]

9 BRuce FINK, THe LACANIAN SUBJECT: BETWEEN LANGUAGE AND Jourssance 59
(1995) (" [t]he subject is nothing but this very split"). Kant, in
turn, describes the "I"--the pure universal aspect of personality,
whi ch Lacani ans insist is not the subject. M aden Dol ar, The Cogito
as the Subject of the Unconscious, in Sic2: CoadTo AND THE UNCONSC QUS
11, 12 (Slavoj Zizek ed., 1998).

°1 gl avoj ZiZ7ek describes castration as follows:

by means of the Word, the subject finally finds hinself,
cones to hinself: he is no | onger a nmere obscure | onging
for hinmself since, in the Wrd, he directly attains

hi msel f, posits hinmself as such. The price, however, is
the irretrievable loss of the subject's self-identity: the



Hegel wites that therelation of the subject toits non-being (i.e.,
t he Synbolic realm where the subject is accorded the privil ege of
"“bei ng"),

remains a longing, because on the one side is the
unsubst anti al, untenabl e voi d of the ego fi xed as such by
the egoitself, and on the ot her, the ful ness whi ch t hough
negated remai ns present, but is fixed by the ego as its
beyond. (231)

Hegel specially conpl ains that norality has been equated with
Quantitative Infinity, and once again the target is Kant. The
antithesis just described--ego v. reality--was a qualitative
opposition. In this opposition, the ego determ nes nature by
di stinguishingitself. That is, ego announces, "I amnot that." That
ends up bei ng nature i n general --that which opposes the ego. Inthis
opposition, the ego is singular. External reality, however, is
"mani fold and quantitative." (231) But therelation between qualitative
ego and quantitative nature is itselfquantitative. Thisrelationis
norality itself--in Kantianterns the power of the universal "1" over
nature (over what Kant would tend to call "inclination" or
"pat hol ogy"). Thus:

t he power of the ego over t he non-ego, over sense and outer
nature, i s consequently so conceived that norality can and
ought continually to increase, and the power of sense
continually to di mnish. But the perfect adequacy of the
will tothenoral lawis placedinthe unending progressto
infinity, that is, is represented as an absolutely
unattainable beyond, and t hi s unatt ai nabl eness i s supposed
to be the true sheet-anchor and fitting consol ati on; for
nmorality is supposed to be a struggle, but such it can be
onlyif thew !l isinadequatetothe noral | awwhich thus
becones a sheer beyond for it. (231)

verbal sign that stands for the subject--in which the

subj ect posits hinmself as self-identical--bears the mark
of an irreducible dissonance; it never fits the subject.
Thi s paradoxi cal necessity on account of which the act of
returning-to-oneself, of finding oneself, immediately, in
its very actualization, assunes the formof its opposite,
of the radical |loss of one's self-identity, displays the
structure of what Lacan calls "synbolic castration.” This
castration involved in the passage to the Wrd can al so be
formul ated as the redoubling, the splitting, of an el ement
into itself and its place in the structure.

SLaval Zizek, THE | NDI Vi SIBLE REMA NDER. AN ESSAY ON SCHELLI NG AND RELATED
MATTERS 46-47 (1996).



Here is a concise critique of Kant's doctrine of "radical evil."?®
According to Kant, theegois forever tainted with pathol ogy. It can
never finally purgeitself of pathol ogy but can only struggl e for noral
purity. Kant even goes so far as to deducetheimmortality of the sou
fromthe very fact that all eternityisrequiredfor the soul toreach
t he state of perfection.® Hence, Kant is quite guilty as charged. He
has reduced norality to Quantitative Infinity.

Wthregardto Kant's opposition of ego-pure-will-noral-I|awand
nat ur e- sensuousness-i ncl i nati on, Hegel conpl ai ns that they are put
forth as "conpl etely sel f-subsistent and nutual ly indifferent." (231)
"At the sane time, however, both are nonents of one and the same being,
t he ego. " (232) Hence, the very constitution of the Kantian subject is
t he Lacanian split.® This contradiction is never resolved in the
infinite progress. "[Qnthecontrary, it isrepresented and affirned
as unresol ved and unresol vable." (232)

Thi s Kanti an standpoi nt i s "powerl ess to overcone the qualitative
opposition betweenthefiniteandinfinite andto grasptheidea of the
truew Il whichis substantial freedom" (232) I nstead, this standpoint
uses quantity to mediate. Quantity (sublated quality) is "the
di fference which has becone indifferent." Hence, the qualitative
nmoment s of pure ego and nature are quiteindifferent tothe alteration
of their quanta. The subject counts it as nothing that it has
progressed toward the perfection of pure norality.®

"That all oppositionis only quantitative was for sone tinme a
cardinal thesis of recent philosophy,"” Hegel conplains. (233)
Qopositions werein effect reducedto polarities. Inthese polarities:

t he opposed det erm nati ons have t he sanme nature, the sane
content; they are real sides of the oppositioninsofar as
each of themhas within it both determ nations, both factors
of the opposition, only that on one side one of the factors
preponderates, onthe other sidethe other . . . is present
iNn as greater quantity Of i N an intenser degree. . . But in
so far as substances or activities are presupposed, the
quantitative difference rather confirns and conpletes their

%2 For a description of Kant's theory of radical evil, see
Jeanne L. Schroeder & David Gray Carl son, Kenneth Starr: Diabolically
Evil?, 88 Ca.. L. Rev. 653 (2000).

9 CRTIQE oF PrRACTICAL REASON, supra note 87, at 148, 155.

% I ncidentally, Lacanians give Kant the greatest credit for
this. Schroeder & Carlson, supra note 92, at 671-81.

% Fichte, Hegel's predecessor as professor of philosophy at the
University of Berlin and a philosopher renenbered today nerely as a
precursor to Hegel, is also singled out for relying on Quantitative
Infinity in his theory of personality. Fichte saw the subject as a
unity between self-identity and self-difference. MRg, supra note 12,
at 30-32. The difference between self-identity and self-difference is
li kewi se said to rest on Quantitative Infinity, in which the beyond
remai ns forever beyond.



externality and indifference to each other and to their
unity. (233)

I n ot her words, at the base of any clained polarityis aself-identical
qualitative nmnment that Hegel finds to be an wunjustified
presupposition. Polarityisonly the "first negation" (Dial ectical
Reason), not the "negati on of t he negation"--(Specul ati ve Reason).
(233) In fixed polar oppositions, "being" and thought "becone
conpl etely external to each other and unrel ated.” (233) In short, fixed
polarity is a species of atom sm nuchcriticizedin chapter 3. In
polarity, "[i]t isathird, an external reflection, which abstracts
fromtheir difference and recogni zes their unity, but aunity whichis
inner, implicit only, not for itself." (233) What is needed is an
i mmnent subl ation of the extrenmes by Specul ati ve Reason.

Remark 2: The Kantian Antinomy of the Limitation and Non-
limitation of the World in Time and Space

We sawin chapters 2 and 4 that Hegel had smal |l regard for the
four anti nom es of reason that Kant presents inthecCritique of Pure
Reason. Now he repeats his conclusion "that the Kanti an anti nom es are
exposi tions of the oppositionof finiteandinfinitein amore concrete
shape, appliedto nore specific substrata of conception."” (234) That
is, the antinomes are spurious qualitativeinfinities. Each side of a
given antinony is nerely a one-sided viewof thetruth. By "specific
substrata of conception” Hegel neans that Kant has taken his four
cat egori es of under st andi ng and devel oped four anti nom es with regard
tothemin order to produce the illusion that the antinom es are
conpl ete. %

The anti nony Hegel nowdi scusses is Kant's first one--whether the
worldis limted intinm and space. This antinony is the one Kant
associ ated with t he category of quantity® (whi chis why Hegel di scusses
it here). Accordingtothe thesis: (1) The world has a beginningin
timeandislimtedinspace. Accordingto the antithesis: (2) The
worl d has no beginning in tinme and no limt in space.

In terms of time, Kant proves the thesis by showi ng that the
antithesisisinpossible. If tinme has no beginning, then at any gi ven
poi nt of time, an"eternity"--aninfinite series of tenporal neasures--
has | apsed. But aninfinite series already | apsed is inpossible.
Therefore, tinme nust have a begi nni ng. Not hi ng cones fromnot hi ng, as
Ki ng Lear and Spi noza di scovered. In terns of space, Kant proves t he

% This will occur in chapter 11, when Hegel expl ains why
Oppositions nmust cancel each other out and fall to the G ound.

97 The earlier critique which Hegel now summuarizes takes place
in the First Remark following "Transition" at the very end of chapter
2, and also in the Second Remark followi ng the section entitled "Pure
Quantity"” in chapter 4.

98 See supra n. 34.

9 CRITIQE oF PRE REASON, supra note 10, at 241-45.



thesis by showing that, if time was unlimted in space, then the
uni ver se woul d consi st of infinite co-existingthings. W cannot t hi nk
of aninfinite quantity of things. Therefore, there must beafinite
nunmber of things.

The antithesisis al soproved by ruling out the opposite. Interns
of time, suppose the worl d has a begi nni ng. Before the begi nning, the
wor | d does not exist. An existing thing, however, cannot origi nate from
nothing. In ternms of space, suppose the world is finite. Space,
however, has nolimt. Hence, there nust be a "voi d space."” W t hus
have a rel ation of things tospace. But thisisarelationof thingsto
no object. Such arelationis nothing. Consequently the worldis not
limted in space.

Hegel's first proposition about this antinonyis that the "world"
coul d have been | eft out of the di scussi on. Kant coul d have addr essed
time as such and space as such

Hegel ' s second propositionis that Kant coul d have restated hi s
antinony as follows: (1) thereisalimt, and (2) limt nust be
transcended--two things Hegel says are true of Quantity generally.

The Thesis. Hegel next proposes that the entire proof of the
t hesi s was unnecessary. The proof isitself only the direct assertion
of what was to be proved. Wthregardtothe thesis about tine (it has
a begi nning), the very assertionthat tinme has points introduces the
ideathat tineisalreadylimted. "Inthe proof therefore, alimt of
time is presupposed as actual; but that i s just what was to be proved. "
(235)

One point intineis, of course, "now. " It desi gnates an end of
the past and is al so the beginning of the future. Wth regard to
[imting the past, "now' represents aqualitativelimt. But why, Hegel
implicitly asks, should "now' be aqualitativelimt? Suppose, however,
we say that "now' i s a quantitative limt. Time wouldthen continue on
from the past, over the "now," and into the future, because
Quantitative Infinity always | eaps o' er the vaunts and firstlings of
the "now. " Quantitative Infinity "not only nust be transcended but is
only as the transcending of itself."” (235) If tinmeisaQantitative
Infinity, "thentheinfinite tine series would not have passed away in
it, but would continuetoflowon." (235) Aswitchfromqualitativeto
quantitative limt would therefore destroy Kant's argunment.

But, Hegel continues, | et us concede the qualitative nature of
"now' asalimt tothe past. Insuchacaseit is alsothe beginning
of thefuture. But thisis preciselythethesis to be proved--that tine
has a begi nni ng. What i f thi s begi nni ng was preceded by a now deceased
past? Thi s does not affect the argunent. The past is conceived as
radi cal |y separate fromthe future. Hence, the very i ntroducti on of
"now'--a point in time--presupposes that tinme has a begi nni ng.

Suppose we say the past isrelated to the future through the
"now." In this case, "now' is a nere quantitative limt. "[T]he
infinitetinme series would continueitself inwhat was called future
and woul d not be, as was assuned, completed." (236)

Hegel nowrepeats his owmntheory of tine. It is Pure Quantity. A
point intime which supposedly interruptstime "isreally onlythe

10 | f we think of the "whole thing," we are in effect assum ng
space is limted and does not surpass this "whole.”



self-sublating bei ng-for-self of the now. " (236) This harkens back to
Hegel ' s description of tinme as "an absol ute com ng-out-of-itself."”
(189) Tinme constantly generates the "now' but then immediately
anni hilates it. ! Hegel sees Kant's argunent as nerely asserting that
the "now' isaqualitativelimt totime--the very thesis to be proved.

The antithesis fares no better, in Hegel'sopinion. It |ikew se
merely asserts what nust be proved. Inorder to prove that tinme has no
begi nni ng, Kant consi ders and di sm sses t he opposite thesis. Kant thus
assunes anull, enpty tine (prior tothe beginning). He theninsists
upon t he conti nuance of the worldintothis enpty tinme, "with the
result that the exi stence of theworldis continuedintoinfinity."
(236) As this continuance (intovoidtinme) isinpossible--i.e., nothing
can come fromnot hi ng--Kant rejects the thesis and t hus proves the
antithesis. According to Hegel, this argunent presupposes that, just
because the worl d exists, it nust have "an antecedent condition whi ch
isintinme." (236) But this is the very antithesis to be proved.
Furt hernore, when Kant i nsi sts that not hing can conme fromnot hi ng- - when
"the conditionis sought inenpty tine"--this neans that theworldis
t aken as tenporal and hence li mted. (236) Sonet hi ng al ways pr ecedes
the "now' of the world. Thereis always a yesterday. All of this, Hegel
charges, is presupposed. It is the antithesis itself.

Kant's denonstration of the antithesis in ternms of space is
|i kewi se rejected. There, Kant assuned t hat space was no obj ect and
unlimted. If theworldwerefinite (and spaceinfinite), space woul d
exceedit. The world (an obj ect) would have arelationw th the void
space beyond t he worl d. But how coul d an obj ect have arelation w thnno
obj ect ?

Hegel finds againthat Kant has nerely restated the proposition--
not proved it. Kant assunes t hat space i s not an object, and that, in
order to prevent the i npossiblerelation of object to non-object, the
obj ect nmust continueitself as far as space does. Thi s neans t hat Kant
t hi nks space nmust never be enpty--the world nust continueintoit. Yet
this is precisely the antithesis restated.

Hegel <concludes this remark by criticizing Kant for
"subj ectivizing" contradiction.! That i s, the four anti nom es do not
occur innature. Rather, they occur in consciousness. (Tinme and space,
Kant says, are the very conditions of possibility for subjective
intuitions). O this subjectivizationof thefirst antinony, Hegel
writes:

It shows an excessive tenderness for the worldtorenove
contradictionfromit andthento transfer the contradi ction
to spirit, to reason, where it is allowed to remain
unresol ved. Inpoint of fact it isspirit whichis so strong

101 see supra text acconpanying notes 33-36.

102 See Dani el O. Dahl strom Hegel's Appropriation of Kant's
Account of Teleology in Nature, 167, 176, in HeGL AND THE PH LOSOPHY
o NaTure (St ephen Houl gate ed., 1998).

103 CRTIQE oF PurRE REASON, supra note 10, at 23-24, 32-33, 85,
279.



that it can endure contradiction, but it isspirit, too,
that knows how to resolve it. (237-38)

The "so-call ed worl d" is contradi ctory, Hegel insists. (238) The world
"isunabletoendureit andis, therefore, subject to com ng-to-be and
ceasi ng-to-be." (238)

(c) The Infinity of Quantum

The m ddl e termbetween Quantitative Infinity and the Quantitative

Infinite Progressisthelnfinitely Geat and/or Infinitely Small. The
Infinitely Small, at | east, is what mat hemati ci ans woul d cal | the
differential--*x in the derivative *y/*x.

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 16 (c)
Infinitely Great and Infinitely Small

The Infinitely Geat/Small is the destinationthat the Quantitative
Infinite Progress inplies. It is a Quantum but

at the sanme tinme it is the non-being of quantum The
infinitely great and infinitely small are therefore
pi ctorial conceptions which, when | ooked at nore cl osel vy,
turn out to be nebul ous shadowy nullities. (238)

Thi s shoul d be cl ear to even t he non-specul ati ve readers who have
survived this far into this text. In the Quantitative Infinite
Progress, the counting mathematicianis aimngtoreachinfinity. That
infinity has "being" is thus presupposed by t he counter who i s ai m ng
toreachthis end. Yet this end will never be reached. It is a non-
bei ng.

Thi s contradi ction--the non-beingof infinity--is nowexplicitly
present, and sois the very nature of Quantum When Quantumr eached
Degree, or Intensive Magni tude, Quantum”attaineditsreality."” (238)
But now the very notion of Quantum manifests itself.

As Degree, Quantumwas "unitary, self-rel ated and determ nate
withinitself."” (238) As unitary, Degree sublated ( i.e., negated) its
ot herness and i ts det erm nat eness. These wer e now ext ernal to Degree.
This self-externality was the " abstract non-being of quantumgenerally,
the spuriousinfinity.” (238) I nother words, Degreein Figure 15(a)
yi el ded the Qualitative Sonethingwhichinturnyielded Qantitative
InfinityinFigure 16(a). If we nowexam ne Figure 16(b), we wi t ness
each of the extremes--Quantitative Infinity and the Quantitative
Infinite Progress--erasing itself and establishingits non-beinginthe
ot her, whil e expressly continuingitself inthe other, sothat each was
a Quantumas wel | as not a Quantum Hence, "t hi s non-bei ng of quantum
infinity, isthuslimted, that is, this beyondis sublated, isitself
determ ned as quantum which, therefore, inits negationis wth
itself." (238)

The in-itself of Quantumis thereforeto be external toitself.
Its externality determ nes what Quantumis. The Infinitely G eat/ Small



thusillustrates the very notion of Quantum It is "not there" and yet

treatedas if it isthere. Hegel wites, "Intheinfinite progress,

therefore, the Notion of quantumis posited " (238) Thi s nmust be t aken

to mean that the Quantitative Infinite Progress of Figure 16(b) shows

what its content is--to be external to itself. The Infinitely

Great/Small is the very beyond of the Quantitative Infinite Progress.
Hegel is extrenmely proud of Figure 16(c) and boasts:

In the infinite progress as such, the only reflection
usual | y nade i s t hat every quantum however, great or snal |,
nmust be capabl e of vani shing, of bei ng surpassed; but not
that this self-sublating of quantum the beyond, the
spurious infinite itself also vanishes. (239)

How is this claimjustified? Why has the spurious infinite
vani shed? Consi der what theInfinitely Geat/Small is: the end that the
Quantitative Infinite Progress coul d never reach. If we have t hat end
before us, then we do not have the Quantitative Infinite Progress
before us. Inshort, we can take Figure 16(c) interns of [7]--whichis
i solated fromthe vani shed Quantitative Infinite Progress. This
isolation is a sign that Quantity is beginning to recapture its
Quality.

Quantum summarized. Hegel next refl ects upon Quantumgenerally.
Quantum(via Quantity) is the negation/sublationof Quality. Considered
i mredi at el y by t he Under st andi ng, as in, say, Figure 11(a) or Figure
13(a), it is already the first negation--in positivized form. But
Quantumis only thefirst negation in principle. It i s posited as a
"being," and "its negationis fixedastheinfinite, as the beyond of
guantum whi ch remai ns onthis side as an immediate." (239) Inthis
guise, it isthe "beyond" that is overtiythe first negation, as shown
inFigure 16(b). Now, inthelInfinitely Geat/Small, we have "quantum
determinedinconformty withits Notion, whichis different from
gquantumdetermnedinits imrediacy."” (239) The Infinitely Geat/ Snal
isexternalityitself, brought i nward as a nonment of Quantity. For this
reason, Hegel can say that

externality is nowthe opposite of itself, posited as a

nmoment of quantity itself--quantumis posited as havingits

det er m nat eness i n anot her quantumby neans of its non-

being, of infinity. (239)

Because Quantum has brought its externality inward, "it 1is
qualitatively [what] it is." (239) But, Hegel warns, tothe extent we
conpare Quantumis recaptured quality to its Notion, this
characterizationis "for us. It "belongs noreto our reflection, to a
rel ati onshi p whichis not yet present here." (239) (Notion as suchis
strictly the province of the Subjective Logic, which Hegel
al ternatively nanmes the Doctrine of the Notion).

For itself, however, "quantumhas reverted toquality, i s fromnow
onqualitatively determned." (239) Its quality (or, touse Hegel's
term its "peculiarity”) isthat its determ nateness (or content) is
external. Quantum in Figure 16(c) is "indifferent" to its
det erm nateness. But the outside is now in. Thus, "Quantum has
infinity, self-determ nedness, nolonger outsideit but withinitself."



(239)

In Figure 16(c), Quantumis "posited as repelled fromitself, with
theresult that there are two quanta whi ch, however, are subl ated, are
only as nonents of one unity." (240) In chapter 6, Quantumw | | now
appear as a doubl e--as Quantitative Ratio. In Quantitative Ratio, the
content of Quantumwi || be external toitself (yet wwthinitself). This
externalitywll itself bearelationof quanta, "each of whichis as
such a unity." (240) This unity is not a nere "conparison"” by an
external reflection. Rather, thisunityis Quantity's own qualitative
determnation. In Quantitative Ratio, Quality comes back into
partnership with Quantity. The mddl e termbetween this partnershipis
Measure, which comences in chapter 7.104

104 Charl es Tayl or expresses his dissatisfaction with Hegel's
entire discussion of Quantum and we are now in a position to answer
his queries. Taylor wites:

But one m ght think that Hegel is a little cavalier
in his transitions here. Ganted that Quantity is the
realmin which things are indifferent to their limt, how
does that show that quanta nust go beyond thensel ves, and
change? (whatever that means)? And even if they do so
endl essly, even granted Hegel's dislike for the "bad"
infinity of the endl ess progress, does this show a
contradiction requiring resolution by a higher category?

CHARLES TAYLOR, HeceL 248 (1975). The answer to the first question is,
since quanta are True Infinites, their very function is to go beyond
their limt (while staying what they are). This very act is the
Quality of the Quantum But this does not necessarily nmean that
nunbers change and that arithnmetic is prom scuous and subjective.
Quanta have limts within thenselves. Three does not nelt into two.
If the limt external to a quantumis exceeded, it is exceeded
spiritually, not enpirically. The answer to the second question is
that the bad infinity's nodul ati on between quanta is itself the

hi gher category. As al ways, Specul ative Reason names the autistic
nodul ati on of Dial ectical Reason and underwites progress to a higher
| evel .

Taylor's own response to his inquiries is to interpret the
entire chapter on Quantum as an attack on atom sm Taking atomsmto
its extreme, Taylor sees it as the assertion that all things are nere
aggregates of indistinguishable units. But if so, then how do
atom sts determ ne that one aggregate has 50 units but another has
100 units? Some non-quantitative criteria nust operate, Tayl or
opi nes, and therefore the atom sts are defeated. Taylor wites, "what
drives the quantumon to its endless alterations is the search for an
adequate specification in purely quantitative terns, a search whose
obj ect always eludes it, and which for this reason is endless." Id
at 250. While these are good argunents against atomsm it is hard to
draw this nmoral from Hegel's discussion of Quantum What seens to
drive the progress on is the act of the True Infinite to erase itself
while remaining within itself. It is the very erasure of
quantitativity that produces the Infinitely Geat/Small--the



Before we can nove on to chapter 6, however, we nust suffer
t hrough three | ong Remarks, the first two of which are by far the
| ongest Remar ks Hegel wi Il include inthe Science of Logic. Both cover
t he subj ect of cal cul us, which endl essly fasci nat ed Hegel , because t he
"differential"--thelInfinitely Small --enbodi ed hi s sl ogan t hat not hi ng
i s sonet hing.

Inthe main, Hegel will criticize nineteenth century cal cul us for
its lingering dependence on geonetrical ideas, and for the
quantification of *x, which Hegel views as an undefined quality. 1
Fut ure generati ons of mathematici ans wouldtendto agreewiththis
esti mat e.

The cal cul us remar ks are usual | y di sm ssed as "di gressi on. "% | n
themain, thisisafair observation. | have found fewreferences to
Hegel ' s vi ews on t he cal cul us, whi ch nevert hel ess seempresci ent for
hi s day. Readers areinvited at this point to skip to chapter 6, as
virtual ly all Hegel i ans have done for generations. 1 Not hi ng great wi | |
be lost, if thisis done. However, for the intrepidreader who w shes
a "scorched earth" understanding of Hegel's Science of Logic, |
summari ze and sinplify as best | can the thrust of Hegel's | engthy
critique of the cal cul us.

Remark 1: The Specific Nature of the Notion of the
Mathematical Infinite

Mat hemat i cs makes much use of the mat hematical infinite--for
pragmatic reasons. Cal cul us works. But, Hegel remarks, that, as of his
time, "mat hemati cs has not yet succeededinjustifyingits use of this
infinite by the Noti on." (240) Hegel denounces the utilitarian attitude
of mat hematicians as unscientific. Onthis attitude toward Quantitative
Infinity, mathematics will be "unabl e to determ ne the scope of its

qualitative beyond of Quantum

105 |'n this regard, one recalls Hegel's early remark that
mat hemati cal necessity is inadequate. Mathematicians do nothing, he
says, but ward off heterogeneous elenents--an effort that is itself
"tainted" with heterogeneity. (40) Perhaps the heterogeneous el enments
warded off is the qualitative nature of *x.

An astute comentator views the point of the cal cul us
di scussion as follows: Cal culus cannot "yield the 'mathematics of
nat ure whi ch Hegel was | ooking for. [SJuch a mathematics can only
take over what is qualitative from experience, it cannot develop it
out of itself."” Von Borzeszkowski, supra note 33, at 76.

106 MRE, supra note 12, at 118.

107 F.g., CLARK BUrLER, HeceL' s Loac. BETWEEN Di ALECTI C AND Hi STORY
110-11 (1996) ("Suspecting Hegel of wishing in part to denonstrate
his mastery of mathematics and science to contenporaries and
col l eagues . . . ").



application and to secure itself against the msuse of it." (241)108
O ten mat hemat i ci ans def end t hensel ves by denyi ng t he conpet ence

of met aphysics to comrent on nat hermati cal notions. They assert that, so

| ong as mat hemati cal concepts operate consistently intheir ow sphere,

t hey need not concern t hensel ves wi t h net aphysi cs. Hegel paraphrases

the attitude of the mat hemati ci ans: "Met aphysi cs, though di sagreei ng

with the use of the mathematical infinite, cannot deny or invalidate

the brilliant results obtained fromit." (241)1°
If thedifficulty weresolelywiththe Notionof thelnfinitely
Great/Smal |, mathematics could dispense with it. The Notion of a

concept is much nore than a precise determ nation of it. But the
cal cul us poses a special challenge to precise definition.

[ T]heinfinitesimal cal culus permts and requires nodes of
procedure which mathematics nust wholly reject when
operatingwithfinite quantities, and at the sanetineit
treats theseinfinitequantitiesasif they werefinite and
insistsonapplyingto[thelnfinitely Geat/Snall] the sane
nodes of operation which are valid for [finite quanta].
(241-42)

108 Hegel nenorably denounce the del usion that mathematics owns
the fee sinple of academi c rigor, in a passage that |aw and-econom c
movenment in Anmerican | aw schools should take to heart.

I f quantity is not reached through the action of
t hought, but taken uncritically from our generalized i mge
of it, we are |liable to exaggerate the range of its
validity, or even to raise it to the height of an absolute
category. And that such a danger is real, we see when the
title of exact science is restricted to those sciences the
obj ects of which can be submtted to mat hematica
cal cul ation. Here we have another trace of the bad
met aphysics . . . which replace the concrete idea by
partial and i nadequate categories of understanding. CQur
know edge would be in a very awkward predi canent if such
objects as freedom law, norality, or even God hinself,
because they cannot be neasured or cal cul ated, or
expressed in a mathematical fornula, were to be reckoned

beyond the reach of exact knowedge . . . And this nere
mat hematical view, which identifies with the |Idea one of
its special stages . . . is no other than the principle of
Materialism. . . Matter . . . is just what . . . has that

formonly as an indifferent and external attribute.
LeEsserR Loac, supra note 25, 8 99 Renmrk.

109 M chael John Petry reads this passage as nmeaning that "in
this context it is nmetaphysics which has a | esson or two to |learn
from mat hematics, not vice versa." M chael John Petry, The
Significance of Kepler's Laws, in HecL AND Newroni anism 439, 486
(M chael John Petry ed., 1993). But the thrust of Hegel's remarks is
that it is the mathematici ans who have not done their homework.



| n ot her words, mat hemati cs does not condone di vi di ng by zero, but it
condones di vi di ng by non-nunbers that areinfinitely closeto zero
(1'i me™y/ *x). And, once it condones this, suchdifferentials can be
mul tiplied or subtracted as if they really were finite nunbers.

Hegel states that the track record of thelnfinitely Small is
m xed. 119 Hegel finds the calculus is

burdened with a seem ng inexactitude, nanmely, having
increased finite nmagnitudes by aninfinitely small quantity,
this quantity is in the subsequent operation in part
retained and in part ignored. The peculiarity of this
procedureis that inspiteof the admtted i nexactitude, a
result is obtained whichis not nerely fairly close and such
that the difference can beignored, but is perfectly exact.
(242)

If I may intercede with an exanple that illustrates this |ast passage,
suppose >x represents a given change in x--not necessarily an
infinitesimally small change. Suppose further that y is a function of
x (ory=1f(x)). If xorepresents x at a particular value, andif x; =
f(Xg+>X), then>y =1(xy) - T(Xy) =TF(xo+>X) - f(X,). We can defi ne
the "di fference quotient” by di vidi ng each si de of the equati on by >x
to obtain

>y f(Xo+ >X) - f(Xo)
>X = >X
This difference quotient illustrates Hegel's accusation that the

cal cul us exists by inexactitute. Let us apply this "difference
gquotient” to a concrete exanple. Suppose y = 3x? - 4. W can wite:

>y 3(Xg_+ >x)2 - 4 - (3x%2 - 4) 6xo>x + 3(>x)?
>X = >X = >X

= 6X, + 3>X.

Thus, if x = 2, and if > = 3, then, as x changes from2 to 5, y
changes from8 to 71 (or 21 units of y per unit of x).

VWere> isinfinitesimally small, however, the cal cul us feels
licensed sinply to ignore >x in the above cal cul ati on. Thus, the
derivative of 3x2 - 4 is supposed to be 6x, not 6x + 3*x.!! The
remai nder 3*x i s sinply dropped. Thi s erasure shows that the cal cul us,
as Hegel charges, is burdened with inexactitude.

Hegel remarKks:

110 Terry Pinkard rightfully condemms Bertrand Russell who sees
Hegel as wedded to the Infinitely Small as the basis of cal cul us.
Terry Pinkard, Hegel's Philosophy of Mathematics, 41 PHL. &
PHENOVENOLOG cAL Res. 453, 463 (1980-81). The entire point here is to
attack any reliance by the cal culus on such a notion.

ii TQis is according to the famliar "power rule,” which states
t hat *x"/ *x = nx™?1,



Inthe operationitsel f, however, which precedes the result,
one cannot di spense with the conceptionthat a quantityis
not equal to nothing, yet is soinconsiderablethat it can
be Ieft out of the account. (242)

I n ot her words, in the expression >y/>x, one can see that >x i s not
zero, because one cannot divide by zero. Yet sinmultaneously>x is "left
out" as if it were zero.

| n nodern times, mat hemati ci ans woul d deny that 3*x is sinply
erased. Rather, they would say that 6x is thelimit past whi ch they nay
not go, when

*
im _X
6

|
X 0 *

<

Accordi ngly, 3*x does not vanish. Rather, it is sinply unnecessary to
refer toit whenidentifying6x asalimt. Infact, thelimt is never
reached, because *x never does reach zero. 2 This i s a procedur e of
whi ch Hegel woul d have approved. The "limt" of 6xis thequalitative
"beyond" of Quantum 113

Infinitesimals. Hegel next considers the nature of thelnfinitely
Great/ Small according to the mathematical point of view

The usual definitionof the mathenmatical infiniteisthat it
is amgni tude than which thereis nogreater (whenit is
definedastheinfinitelylarge), or nosmaller (whenitis
defined as the infinitely small). (243)

I't is sinultaneously defined as greater (or smaller) than any gi ven
magni t ude. Meanwhi | e, mat hemati cs defi nes "nmagni t ude" as t hat whi ch can
be i ncreased or di m ni shed. ¥ Sincethe Infinitely Geat/Small cannot
be i ncreased/di m nished, thenthe Infinitely Geat/Snmall is nolonger
a Quantum as such. This is so on mat hematical terns.

What mat hemati cs cannot conprehend i s that the mat hemati cal
infinite is simltaneously Quantumand not Quantum It i s "sonething

112 Bor zeszkowski, supra note 33, at 76; A.W Moore, The Method
of Exhaustion as a Model for the Calculus, 1n HeGL AND NEWONI ANI SM
147 (M chael John Petry ed., 1993)

113 see M chael Kosok, The Formalization of Hegel's Dialectical
Logic: Its Formal Structure, Logical Interpretation and Intuitive
Foundation, in HecL: A CaLection oF CRTicAL Essavs 237, 254 (Al asdair
Macl ntyre, ed., 1972) ("the very notion of a mathematical limt
entails the negative presence of that whichis limted . . . ").

114 see supra text acconpanying note 1.

115 Car|l Boyer has suggested that the infinitesimally small was
"atom c" in nature--a self-identity that could not be further
subdi vi ded. CarR. B. Bover, THe HisTory oF THE CaLcuLus AND | TS CONCEPTUAL
DeveLoPvent 12 (11949). If so, Hegel--a virulent opponent of atom sm -
woul d al so oppose any use of the infinitesimal in the cal cul us.



whi ch i s not a quantumbut yet retainsits quantitative character."
(243)

An Attack on Kant. Hegel returnsto his criticismof Kant. Kant
says of the mathematical infinitethat it i s anagnitude beyond which
none is greater. But we can never nanme this anount. Some ot her
magni t ude coul d al ways be nanmed that is greater, defeating our
pretensions. But tosay "infinite," we do not i nvoke t he concept of a
maxi rum Rat her we express only a beyond of any gi ven, named nmagni t ude.
The i nflilgite Is therefore always arelationto afixed nunber--a beyond
of it.

Thus, Kant declines toregardtheinfinite whole as a maxi num The
maxi nrumwoul d be a mere quantum whi ch can al ways be exceeded. Rat her,
Kant sees that the mathematical infiniteis beyond Quantum Hegel
conpl ai ns that Kant thinks the mat hematical infinite can never be
conpleted. This, he finds, is "nothing but an expression of the
progresstoinfinity.” (243) It is represented as transcendental , by
whi ch Kant neans (says Hegel ) psychol ogi cal |l y subj ective. That is,
subj ecti ve opi ni on burdens any gi ven magni tude wi t h an unr eachabl e
beyond--a species of the thing-in-itself.

Here, therefore, there is no advance beyond the
contradictioncontainedinquantity; but the contradiction
is distributed between the object and the subject,
limtedness being ascribed to the [object], and to the
[ subj ect] the progresstoinfinity, inits spurious sense,
beyond every assigned detern nateness. (243)

That is, inKant's critique, the proposed maxi nrumi s objective. The
burden of the beyond is subjective. By subjective, Hegel seens to
invoke t he presuppositionthat we can never knowthe infinite; it is
al ways beyond our experience. Hegel, however, believes t he nature of
the Infinitely Geat/Smll|l can be known precisely.

Mathematical v. Speculative Notions. Returning to the mat hemati cal
notion of infinity, Hegel says that, for mthematicians, the
mat hematical infiniteis not a Quantumbut a beyond of Quantum -a
concl usi on Hegel endorses (but only as a one-si ded view, since the
Infinitely Gceat/Small is just as nuch Quantun). This attitude Hegel
now conpares to the "specul ative" point of view

Accordingto Hegel, thelnfinitely Geat/Snall is" in its own self
infinite." (244) That is, thelnfinitely Geat/ Small of Figure 16(c)
has subl at ed/ negat ed bot h t he quantumandits beyond. InthelInfinitely
Great/Small, the entire spurious infinity has vanished. ThelInfinitely
Great/Small, viewed as [7] in Figure 16(c), is a sinple unity.

Ext ensi ve Quantumin Figure 14(a) was al so a sinpleunity, but the
Infinitely Great/ Smal | is an advance over this nore primtive unity.
Ext ensi ve Quantumer ased itsel f and becane | ntensi ve Quantum Inthis
act, it determneditself onlyinplicitly. Extensive Quantumsawi tself
as entirely separate and i sol ated froml ntensi ve Quant um -t he usual
del usi on of the Understanding. Thelnfinitely Geat/ Small, however,
expressly sees itself as the beyond of the Quantitative Infinite
Progress. Thus, it expressly says, "I amnot that, and that is what T

116 CRTIQE o PURE REASON, supra hote 10, at 243-44.



am." It sees that it is simultaneously a unity of opposites. It is
Quantum and not Quantum -sonet hi ng the Understandi ng cannot grasp.

The Infinitely Geat/Small is nolonger finite Quantum Finite
Quantumis determ ned by some other Quantum |In conparison, the
Infinitely Geat/Snmall issinple. Assinplicityisthe very hall mark of
"being," thelnfinitely Geat/Snall is "quantitative determ nateness in
qualitative form™ (245) What it expressesis "its essential unity with
its other." (245) By "essential" Hegel neans that "it has neani ng
solelywithreferencetothat which stands in relationtoit. Apart
from this relation it is a nullity." (245)117 Quantumas such is
indifferent totherelationexpressedinFigure 16(c). That is, if |
propose one trillion as a candidate for the Infinitely Geat, the
nunber isindifferent tothe fact that it has a beyond--an even | arger
nunber. Yet theInfinitely Geat is nothing but thebeyondof any gi ven
nunber. Hence, it isanullity without the idea of a fixed, inert
nunmber .

But thelnfinitely Geat/Small is only a nonent. |f nunber is
indifferent to it, the Infinitely Geat/Small is not |ikew se
indifferent to nunber. Hence, "the quantuminits infinityis abeing-
for-self." (245) Inother words, it isqualitative, but hasits content
outside itself. But it is also a Being-for-one.

Wiyisthelnfinitely Geat/ Small a Being-for-one? It will be
recal | ed t hat Bei ng-for-one "expresses the manner inwhichthefinite
ispresent initsunitywiththeinfinite." (159)!® That i s, Bei ng-for-
oneis anmenory enbedded withinaunity that there was once di sunity.
Hence, theInfinitely Geat/Small isaunity that |ikew se appreci ates
its history--it was generated when the Quantitative Infinite Progress
vani shed, |eaving only the bare idea of a beyond.

Fractions and Infinite Series. Hegel i ndul ges us with an exanpl e
of Quantitative lInfinity. Quantum he rem nds us, is covertly aratio.
Thus, Nunmber was the unity of Anpunt and Unit, as shown in Fi gure
13(c). Also, inthe next chapter, ratiow || becone further devel oped
as the qualitative nonent of Quantity.

Hegel proposes to anal yze the fraction 2/7. This fracti on does not
appear even superficially to be aunity, |ike a whol e nunber does.
Rather, it "is directly determ ned by two ot her nunbers which are
related to each ot her as anmobunt and unit, the unit itself being a
speci fic anount." (245)° But consi der the extrenes of theratio--2 and
7. These areindifferent tobeingintheratio (whichHegel herecalls

117 Essence, as we shall see, is always correlative. See JoNnW
BurBIDGE, ON HeGeL' s Loac. FRagveNts oF A COWENTARY 65 (1981) (" essence
is not a sinple concept that can be isolated in the way [ Determ nate
Bei ng] can be isolated. Essence signifies a nuch nore conpl ex process
of thought: in . . . negating what is imediate given, it remains
identical with itself.") (footnote omtted).

118 Ssee CARLSON, supra hote 2, at 551-53.
119 Farlier, Hegel stated that which is deened unit and which is

deemed anount is arbitrary. Thus, with regard to 2/7, we have either
two units of 1/7 or 1/7 units of two.



t he "exponent") .0 Thi s exponent isathirdtothe extrenes of 2 and 7.
Once they areintherel ati on, however, they no | onger count as 2 and
7 but they count accordingtothefractioninwhichthey participate.
The rel ati onis nowparanmount. To prove thi s, Hegel points out that 4
and 14 or 6 and 21 coul d serve just as well to express the exponent.
The ratio of 2 and 7 therefore has a qualitative character.

This qualitative character, Hegel says, is "anonent of infinity."
(246) This qualitative nonent survives quantitative change, as when 2/7
becones 4/14. If theratiohasthis qualitative"infinite" nmonent, it
isonly inperfectly expressed. The 2 and the 7 can be renoved fromt he
rati o, in whichcasethey revert back to ordinary quanta. "[T] heir
connection as nonents of theratiois an external circunstance which
does not directly concernthem" (246) Furthernore, theratioof 2/71is
i kewi se an ordi nary Quantum

That the fractionis an ordi nary Quantumcan be seen if we express
2/ 7 as 0.285714 . . . So expressed, 2/ 7 generates aninfinite series. !
The quotient of 0.285714 . . . (which Hegel calls the "sum') is the
finite expression of the ratio. This Hegel characterizes as "an
aggregate of units added toget her, as an amount." (247) True, the
magni t udes of which this expressionconsists (2, 8, 5etc.) are each a
deci mal fraction and hence eachis aratio, but thisisirrel evant,
"for this circunmstance concerns the particul ar ki nd of unit of these

magni t udes, not t he magni tudes as constituting anamount.” | n ot her
words, 8 (in0.285714 . . . ) isreally 8/ 100. The "particular unit" of
8 is 1/100. Any such consideration isolates the 8 fromthe entire
expression of 0.285714 . . . This | ast expressi on can be vi ewed as an

aggregate of indifferent partsinthe sensethat it is 2/10 + 8/100 +
5/1000, etc.

Inthe aboveinfinite series, "whichis supposed to represent the
fraction as an anmount, " the fracti on has vani shed, and withit has al so
vani shed the aspect which makes the fraction "in its own self
infinite." (247) It will berecalledthat ratios such as 2/7 have a
qualitativeintegrity that isindifferent toquantitative change, as
when 2/ 7 becones 4/ 14. \When 2/ 7 i s expressed as 0.285714 . . . , this
nmonent of infinityis gone, but it isreplaced by aninfinite series.
This is a different kind of infinity--the spurious infinite.

As spurious, theinfinite series exhibits acontradiction. It
represents aqualitativerelationasif it were an i medi acy devoi d of
relation. On the other hand, the amount expressed al ways | acks

120 Hegel 's usage here is unusual. The exponent is usually
defined as nmeasure of power of a base. Thus, in 6% the exponent is
4, and it raises 6 to the fourth power. Thus, it would be an error to
assune Hegel that the exponent of 2 and 7 is |log,”. Rather the
exponent of 2 and 7 seens to nean the product of 2 and 1/7.

121 Hegel also states that 1/(1-a) can be expressed as 1 + a + a?
+ a® etc. This, however, is true only if a < 1. Mre generally, if
|r] < 1, the geonetric series
a+ar +ar2 . . . ar™l |

converges to a suma/(1-r).



sonething. "[I]norder toreach the required determ nat eness, we nust
al ways go further thantheterns al ready posited." (247) Hence, "to
express as an amount t hat which rests on aqualitative determ nat eness
IS a lasting contradiction." (247)

I nthe above infinite series, inexactitude is always present. But
"inthe genuine mat hematical infinitethereis only an appearance of
i nexactitude." (248) Infact, thegenuineinfiniteis quite precise.
The genui ne mat hemati cal infinite cannot be conparedtoanereinfinite
series. Indeed, any expressionof theinfinite seriesis eveninferior
tothefraction2/7 (whichitself inplies the genuineinfinite, which
survive the increase to 4/14, etc.).

The infinite series contains Spurious Infinity, "because what the
seriesis nmeant to express remai ns an ought-to-be and what it does
express i s burdened with a beyond whi ch does not vani sh anddiffers
fromwhat was neant to be expressed."” (248) The seriesis actually only
sonething finite--"sonething which is not what it ought to be." (248)
Intheinfinite series, thenegativeisoutsideitsterns. That is, if
2/ 7 is expressed as 0.2857, the defect of the expression is that
(0.000014 . . .) isleft out. I nconparison, inthe expression 2/7, the
negative is "imranent as the reciprocal determ ning of the sides of the
ratioand thisis an acconplishedreturn-into-self." (248) That isto
say, both sides of 2/7 are nerely nonents of the quantumexpressed. As
a nere nonent, each side (2 and 7, taken i medi ately) is the negative
of the ratio. The "self-related unity" that 2/7 represents is "a
negation of the negation" and "consequently has within it the
determnationof infinity." (248) Thisinternalizationof infinityis
asignthat Quantity is beginningtorecaptureits own substance, which
has been inposed on it by an other. Thus, "the so-called finite
expression[2/ 7] isthetruly infinite expression.”" I n 0.285714 .

, however, the infinite is expressly missing.' (It is what the
ellipsistriestocapture.) As ataunt at theinfinite series, Hegel
remar ks:

The word infinite even as used in infinite series, i
commonly fancied to be sonething lofty and exalted; this i
a kind of superstition, the superstition of th
under st andi ng; we have seen how, on the contrary, i
i ndicates only a deficiency. (249)

S
S
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Hegel next calls attentionto the fact that "the existence of the
finite series which cannot be summed i s an external and conti ngent
circunstance with respect tothe formof the series as such."” (249)
That is, if theordinary divisionof 2into 7 generates aninfinite
series, thedivisionof 1into 4 (1/4) does not. Neverthel ess, the
infinite series expresses "a higher kind of infinity than do those
which can be sumed'--i.e., 1/4 can be summed and hence is

122 The usually astute Professor Mure thus gets it wong when he
coments that "the logical principle of the convergent infinite
series" is the True Infinite. Mrg supra note 10, at 119. Rather,
the True Infinite lies in the rational expression of the nunber, not
in the infinite series in which any nunber can be expressed, as Mire
recogni zes el sewhere. 1d. at 120.



specul atively inferior. (249) 0.285714 . . . at | east expresses "an
i ncomrensurability, or the inpossibility of representing the
quantitative ratio contained in themas a quantum" (249) This
i ncomensurability is even nore pronounced inirrational nunbers--
nunber s t hat cannot even be expressed as fractions ( i.e., %5). Inany
case, a series capabl e of sunmation |i kewi se contai ns the sane spuri ous
infinity that an inexpressible series contains.

Hegel clains that a simlar termnol ogi cal inversion occursinthe
wor k of an unnamed phil osopher, who designates the mat hemati cal
infinite--inthe sense of the True Infinite--astherelativeinfinite.
Thi s phi | osopher gi ves the nanme "absol ute” tothe Spurious Infinite.
"But in point of fact it is this netaphysical infinitewhichis nerely
rel ati ve, because the negationwhichit expressesis opposedtoalimt
only in such a manner that thislimt persistsoutsideit.” (249) In
ot her words, Spurious Infinityis always a Finite facing another Finite
whichisits beyond. The True Infinite enconpasses boththe finites, as
Figure 6(c) showed in chapter 2.

The mat hematical infinite, properly viewed, is aTruelInfinite. 12
It "has withinitself truly sublated the finitelimt because the
beyond of the latter is united with it." (249)

Spinoza. Spinoza recognized the Truelnfinite and profitably
conpared it to the Spurious Infinite. According to Spinoza, the
infinite is "the absolute affirmation of any kind of natural
exi stence." (249) Such an absolute affirmation"is to betakenasits
relationtoitself, its not bei ng dependent on an other."™ (250) The
nmere finite, for Spinoza, is "a determ nateness, as a negation. . . a
ceasing-to-be in the formof a relationto an other whi ch begins
outside it." (250)

These are sentinents wi th whi ch Hegel isinaccord, but Hegel al so
t hi nks that "t he absolute affirmati on of an exi stence does not . . .
exhaust the notionof infinity." (250) Aninfinityis not nerely an
i mredi acy. Rather, it is "restored by the reflection of theotherinto
itself, or as negation of the negative." (250) In short, the True
Infiniteis amddleterm Wth Spi noza, however, substanceis aninert
unity--"afixityor rigidityinwhichthe Notion of the negative unity
of theself, i.esubjectivity, isstill |acking." (250) Nevert hel ess,
Spi noza at | east recogni zed that the True Infinite (Spinoza' s "infinite
of thought”) was "conplete and present withinitself." (250) The
Spurious Infinite (Spinoza' s "infinite of theimagination") "definitely
| acks sonet hing." (251) Thus, according to Hegel's readi ng of Spi noza,
2/ 7 is what the infinite series (0.285714 . . . ) ought to be.
Meanwhi | e, i magi nation, incontenplatingthe Spurious Infinite, "stops

122 Thus, 2 can be expressed as 1 + a + a? + a% etc., where a =
.5. This is on the formula 1/(1-a), where a < 1. See supra n.121.

124 Justus Hartnack, who admts that he struggles with Measure,
sees that nore advanced state as show ng "why the all eged bad
[ mt hematical] infinity is a true infinity." Hartnack, supra note 78,
at 35. But it nust be recognized that the concepts here have been
True Infinites ever since the end of Chapter 2. What Measure will do
is to show the sublation of both Quality and Quantity, and the
establ i shnment of a true self-subsistence of things.



short at quantum as such and does not reflect on the qualitative
relation which constitutes the ground of the existing
i ncomrensurability." (251) Inother words, Specul ati ve Reason sees t hat
thelnfinitely Geat/Small cannot be named as such and soit is both
qual itative--independent of outside mani pul ati on--and a rel ati on
betweenthe alternating finites of the Spurious Infinite. As the nane
of the alternating activity, the Infinitely Geat/Small is thus
i ncomensurate with the finites it unites.

Incommensurability Between Arithmetic and the Calculus. Hegel next
wi shes to consider this inconmensurability, whichliesinherent in
functions of curvedlines (e.g., y2=ax). Suchafunctionissaidto
invol ve variables. These variables are different i n character thanthe
variability of 2 in 2/7, which equally can be 4 or 8, if the
denom nat or becones 14 or 28. I ncontenplatingy =ax, x andy can be
any magni t ude. Hegel conpl ai ns, "The expression ' vari abl e magni t udes’
isthereforevery vague andill-chosen for those determ nati ons of
magni t ude whose i nterest and manner of treatnent liein sonething quite
di stinct fromtheir mere variability." (251-52) Hegel ' s basi c conpl ai nt
isthat, because the sane term nology ("variable") is used in both
arithnetic and cal cul us, an enor nous net aphysi cal difference between
the two practices remains hidden.

What is our interest inx andy, as these appear inthe function
y =ax? Recal |l that, in 2/7 or y/x, the numerator i s an i ndependent
guantumw th regard to t he denom nator. The rel ati on of nunerator to
denom nat or i s not essential tothe quantathat are nade to partici pate
intheratio. But 2/7 and y/x are al so "a fi xed quantum a quotient."
(252) But this observation does not holdif we consider the function
y2/ x = a. x and y? have a determ nate quotient, but, withiny?x =a,
x/'y has no fixedrelationwithy? x. Inother words, y/xisirrel evant
and i ndi fferent (or, as Hegel putsit, "variable") totheratioy? x.
Thus, x has arelation, not toy, but toy?2 This |eads Hegel to observe
that "[t]herelation of a magnitude to apower i s not a quantum, but
essentially a gqualitative relation." (252)

What does Hegel nean by this? If we map y/ x on a Cartesi an pl ane,
astraight lineis generated. Onthis straight |ine, the quotient never
changes. Thisis nolonger truewithregardtoy? x. Thus, wherey =7
and x =2, y/Ix =7/2 =14/4. But this does not hold for the exponenti al
function y?/ x; 722 is not the sane as 14% 4; y?/ x enjoys a qualitative
nonent free of arbitrary outside mani pul ation. In conparison, y/xis
"only formally a function of variabl e magnitudes.” (252) Intheratio
y/ x, y and x are "not inthat determ nationinwhichthedifferential
and t he i ntegral cal cul us considers them " (252)% Presunmabl y, what
Hegel nmeans by this is that, in y/x, the ratio is dependent on
ot herness--y and x are in an indifferent relation. But cal cul us
trafficks in*y/*x. Were™*y or *x aretheinfinitely small changes in
y or X, these entities are not even quanta, as Hegel is about to

125 |f differential cal culus studies *y given *x, integral
cal cul us goes backwards. It contenplates x as a differential, and it
derives the primtive formula of which x is the differential. For
exanple, if differential calculus states that the derivative of y =
5x is 5, integral calculus contenplates 5 and deduces that it is the
derivative of y = 5x + c.



enphasi ze. 126

G venthe qualitativenoment iny? x, whichis not present iny/Xx,
"it woul d have beenfittingto have introduced both a speci al name for
them™" (252) Thereis "an essential difference between t hose magni t udes
and such quanta which are merely unknown, but are in thensel ves
conpl etely determ ned or are a definite range of determ nate quanta.”
(252-53) Thus, mat hematics shoul d have seen what a radi cal break
calculusis, conparedtothe "equationof the straight line." (253) %%
"Agreat deal of formali smwould, i ndeed, have been avoidedif it had
been perceived that the calculus is concerned not with variable
magni tudes as such but with relations of powers." (253)1%8

By way of preview, Hegel will end his anal ysis of Quantity with
the Rati o of Powers, in which Quantity recaptures Quality. Fromthence,
Hegel will nove to Measure, in which Quantity and Qual ity enj oy equal

dignity.
The Differential Calculus. Suppose X and y are in a power
relation, suchasy? x. Inthisrelation, xandy still signify quanta.

But "this significanceis altogether and conpletely |l ost inthe so-
called infinitesimal differences." (253) Take t he expressi on*x/*y,
wher e *x st ands for some change i n x and hence sone fi xed change iny.
In this expression *x and *y "are no | onger quanta, nor are they
supposedto signify quanta; it is solelyintheir relation to each

126 Hegel el sewhere enphasizes that the Infinitely Geat/Small is
si mul taneously Quantum and the beyond of Quantum Here Hegel
obvi ously nmeans a nore primtive Quantum That is, the cal culus of
Hegel 's time viewed *x and *y as Nunmbers, not qualitative entities.

127 According to one coment at or:

Mat hematics is essentially the science of operating with
finite quantities. Calculation in respect of the infinite
requires procedures that are clearly at odds with this. At
one and the sanme tinme, procedures relevant to conputation
in respect of finite quantities are being used in
connection with infinite quantities. This notionless
procedure apparent in the differential cal culus, shows
that this kind of mathematics is incapable of dealing with
qualitative differences, and such a calculus is therefore
quite unsuitable for physics.

Bor zeszkowski, supra note 33, at 76.

128 Mpbdern textbooks reflect this notion that application of the
calculus to linear functions masks the true qualitative significance
of the practice and even take the point farther. One exenplar refers
to the "degenerate case of a function of one variable,” and states,
"The notion of the differential of a function does not appear in its
true light in the theory of functions of one variable.” R CrEGITON
Buck, ADvANCED CaLcuus 243 (2d ed. 1965). In considering 2x as the
derivative of y = x? this textbook advises: "one nust draw the
subtl e distinction between a nunber ¢ [i.e., 2x] and the 1-by-1
matrix [c]." Id. These remarks are entirely Hegelian in their thrust.



ot her that they have any neani ng, a meaning merely as moments." (253)
Hegel states that *x and *y "are no | onger something (sonet hi ng t aken
as a quantum), not finite differences; but neither are they nothing;
not enpty nullities." (253) Apart fromtheir relationto each other,
they are nullities, but as nmoments of *x/*y, each is highly
significant.

I n *x/*y, Hegel says, Quantumis "genuinely conpletedinto a
qualitativereality; it is positedas actuallyinfinite; it is sublated
not merely as this or that quantumbut as quantumgenerally."” (253) In
ot her words, neither *x nor *y is a quantumon its own. Rather, each
i's a"vani shing magni tude" and hence no particul ar quantum (254) Wat
we have is pure ratio, nolonger a Quantity determ ned by outside
forces. The ratio posits (announces) itself asinfinite. It is a
negati on of the negation. It has sublatedits finite parts and has
genui ne bei ng-for-sel f. Because *x/*y exceeds finite quanta, it stands
for Quantumgenerally, just asthe True Infinite stood for all the
Finites. Nevertheless, *x/*y is still a determ nateness. Mat hematics
t akes *x/*y as "not nothing" but as "an internedi ate state .
bet ween bei ng and not hi ng. " (254) Thi s state does not exi st, however,
j ust as Becom ng does not exist. It is erroneous to think of Becom ng
(or *x/*y) as a state.

The nature of Quantumis that "it i s supposed to have a conpl etel y
i ndi fferent exi stence apart fromitsratio."” (254) That is, 2 and 7
have neani ng on t heir own apart from2/7. But *x/ *y "has bei ng solely
in the ratio" (254) and hence is not even a Quantum

The True Infinity of *x/*y has been a target, even for
mat hemat i ci ans, Hegel says. But these attacks cone fromaninabilityto
di gest the Notion. Neverthel ess, anyone wi shing to practice the
cal cul us--whi ch converts curved into straight |ines and the |ike--nust
conetogripswiththe fact that the practi ce exceeds "the nature of
nmerely finite determnations.” (254)

Newton. Hegel undertakes to show how the originators of the
cal cul us di d not adequately grasped the nature of the True Infinite. As
aresult, they "foundit necessary inthe applicationtoresort again
to expedients which conflict with their better cause."” (255)

Newt on correctly sawa differential as, not an i ndivisible, but
as a vani shing divisible--not as a sumand rati o but as thelimit of a
sumand rati o. For Newton there are no i ndivisibles. Indivisibles would
inmply "aleap again fromthe abstract ratiotoits sides as supposedly
havi ng an i ndependent val ue of their own as i ndivi sibles outsidetheir
relation."” (256)

Hegel quotes Newton's reference to *x/*y as a "final ratio."
(255, 256) Isthisattributionof finality fair, whentheratioitself
i sinthe business of vani shing--i.e., approachi ng zero? Hegel thinks
so, because the "rati o of vani shing nmagni tudes i s t o be under st ood not
[as] the rati o before which and after which t hey vani sh, but with which
t hey vani sh." (255) I nother words, theratiois "final" onl’e/ inthis
odd, contradictory state of ceasing-to-be. The phrase *x/*y is
therefore a species of Becom ng.

Newt on sawt hat this final ratio(*x/*y) is not to be taken as a
rati o of final magni tudes, but asalimt to which the ratio of the
"magni t udes decreasingwithout limt are nearer than anygiven. . .
difference."” (256) If Newt on had been attentive to the Noti on, however,
"t here woul d have been no need for the decreasing without 1imitinto



whi ch Newt on converts t he quant umand whi ch onl y expresses t he progress
to infinity." (256)

The ratio *x/*y is thereforeinastate of continuity between
bei ng and vani shi ng. Hegel approves of the phrase continuity, "if the
continuity of the quantumi s not understood to be the continuity which
it hasinthe finite progress where the quantumis continuedinits
vani shing." (257) Thisisonly Spurious Infinity. But where transition
i's made, not to another finite quantum but tothe Truelnfinite, the
usage i s appropriate:

S0 continuousisit, soconpletelyisit preserved, that the
transition may be saidto consist solelyinthrowinginto
relief the pure ratio and causing the non-rel ational
determ nation--i.e., that a quantumwhich is a si de of the
ratiois still aquantumoutside this relation--to vanish.
(257)

This purificationof the quantitativeratio--theloss of indifferent
guant a as the determ ning si des--"is thus anal ogous to graspi ng an
enpirical reality in ternms of its Notion." (257) Still, the very
expression *x is

t he fundanmental vice in these nethods--the permnent
obst acl e to di sengagi ng t he determ nati on of the qualitative
nmonent of quantityinits purity fromthe conception of the
ordi nary quantum (258)

That is, the very reference to x--a fi xed quantum-in*x | eads away
fromproper appreciation of the Notion inherent in the obviously
fasci nating concept of the derivative.

Hegel dislikes theword"infinitesimal." "The nature of these
magni t udes i s supposed to be such that they may be neglected " (258) %
Thi s neglect, "alongwithagaininfacility," gives the cal culus "the
appear ance of i nexactitude and express incorrectnessinits nmethod of
procedure." (258) Hegel criticizes Christian Wl ff for conparingthe
cal cul us to a surveyor "who, in neasuringthe height of anountainis
no | ess accurate i f meanwhil e t he wi nd has bl own away a grai n of sand

129 For exanple, where f(x) = 3x2 - 4, it is said that *y/*x =
6x. In truth, it equals 6x + 3*x. But, since *x approaches zero, the
calculus feels entitled to treat 3*x as if it has vanished. E.g.,
ALPHA CH ANG, FUNDAMENTAL METHODS OF MATHEMATI CAL Econom cs 129 ( 3d ed.

1984).

130 Christian Wbl ff (1679-1754) was professor of Mathematics and
Phi | osophy at Marburg and was a "popul arizer and systematizer of
Liebniz." See André Mense, Hegel's Library: The Works on Mathematics,
Mechanics, Optics and Chemistry, in HecL AND Newronianism 670, 690
(M chael John Petry ed., 1993). At a tinme when he was consi dered
Germany' s | eadi ng phil osopher, he was discharged for heresy fromthe
University of Halle. TerrRy PINkARD, HeGeEL: A BioarapHy 90 (2000).



fromthe top. "3 (258) Hegel rejects the commpn sense approach t hat
allows for tol erance of such inexactitude. "[1]n the science of
mat hemati cs t here cannot be any questi on of such enpirical accuracy."
(258)

Euler. Leopold Eul er, Hegel says, "insists that thedifferential
cal cul us considers the ratios of the increments of a magni tude, but
that the infinite difference as such is to be consi dered as whol ly
nil." (259) Intruth, Hegel responds, theinfinitedifferenceis anil
"only of quantum not a qualitativenil." (259) Theinfinitesimal is
per haps not a quantitative difference. For thisreason, it iswong, in
Hegel ' s opi nion, to speak of these nonents as "increnments or decrenents
and as differences." (259) Such terns inply that "sonething is added to
or subtracted fromtheinitially givenfinite magnitude." (259) Such
arithmetical operations are quite external to the essence of the
calculus. "[T]he transition of the variable magnitude into its
differential is of quite a different nature.” (259) Rather than
reduci ng a quantumt hrough subtraction, *y/ *x "is to be consi dered as
areductionof thefinitefunctiontothe qualitativerelationof its
gquantitative determ nations."” (259)

| n any case, we nust not reduce™*x or *y to zero, "for a zerono
| onger has any determ nateness at all." (259) True, zero negates the
quantum whi ch is useful, since *x and *y are not quanta. But zero
fails to capture the positive significance of the negation of quantum

Cal cul us, then, neglects the True Infinite and transfornms*y and
*x intothe "finite determ nateness of quantity and t he operation
cannot di spense with the conception of a quantumwhich is nerely
relatively small." (260) These quanta are t hen subject to ordi nary
arithnetical operations, as if they were finite magnitudes.

How has mat hematics triedto justify the transformation of the
True Infiniteinto nmere magni tudes? The precursors of cal cul us (Fer mat
and Barrow) "frankly believed that they were entitledto omt the
products of infinitesinmal differences and their hi gher powers, solely
on the ground that they vanish relativelyto the |l ower order." (262)
For exanpl e, x,2or x,2are, by definition, al ways greater than*x2 The
differential therefore vanishes "relatively" to the variable x.

The attitude toward curves denonstrates ali ke net hodol ogy of
omtting that whichis taken as insignificant.!3|neffect, where x, and

131 According to one comentator the point is that Wl ff

conbi nes enpirical and anal ytical argunentation and
therefore is not conclusive. Wl ff's analogy is inadequate
and inconsistent because it identifies two logically
different argunents: mathematical inference and
measurenent. The |imted accuracy of nmeasurenent is not a
mat hemat i cal proof.

Wol f gang Neuser, The Difference Between Begrifflicher Spekul ation and
Mathematics in Hegel's Philosophy of Nature, in 226, 236, in HecL
AND MDERN PH LosoPHY (David Lanb ed., 1987).

132 Cal cul us holds that *y/*x = y/a, where x is distance on the
abscissa, y is the distance on the ordinate between the tangent and



X, are points onthe curvethat areinfinitely close together, cal cul us
assunmes that the two points are connected by a straight |ine. Area
exi sts between the straight |ine and the curve, but this spaceis
i gnor ed.

Hegel presents a denonstrati on by Newt on as an exanpl e of t he
i nexactitude fromwhi ch cal cul us suffers. ¥ This invol ves Newton's
derivation of the "product rule" of the differential calculus.
According to this rule, where y = f(x), *xy/*x = x*y + y*x. 13

Newt on derived t he product rul e as fol | ows. Take t he product xy.
First, reduce each el enent by half itsinfinitesimal difference (x -
*x/2 andy - *y/2). Second, nmultiply these reduced quant a toget her.
Thus, (x - *x/2)(y - *y/2) =xy - x*y/2 - y*x/ 2 + *x*y/ 4. Nowdo t he
opposi te: increase each el enent by half itsinfinitesimal difference,
toobtainxy +x*y/2 + y*x/2 + *x*y/ 4. Nowsubtract oneresult from
t he ot her:

Scxy + X*y/2 + y*x/2 + Fx*y/4) - (xy - x*Fyl/2 - y*x/2 +
x*yl4) = y*x + x*y.

This | ast formulation (y*x +x*y) is, of course, the product rule. This
product ruleis the surplus when the first product was subtracted from
t he second. The surplus, Hegel says, is "the di fference betweenthe two
products” and "therefore the differential of xy." (263)

Hegel retorts, "in spite of the nanme of Newton it nust be said
t hat such an operati on al t hough very el enentary, isincorrect.” (263)
Hegel thi nks Newton's proof of y*x + x*y fairly inplies the follow ng:

(x + *x)(y + *y) - xy

That is, Newton's procedure was to i ncrease x by *x and y by *y and
mul ti ply them Then Newton subtracted xy and was supposedly left with
the product rule. Yet, if the above expression is expanded (or
mul tiplied out), we obtain

(x + *X)(y + *y) - xy = y*x + x*y + xy - xy + *x*y

the abscissa, and a is the subtangent (i.e., the |line segnent on the
absci ssa between the tangent point and the place where the tangent
(as hypotenuse) neets the ordinate. In particular, this describes the
techni que of I|saac Barrow, Newton's teacher. W W Rouse BALL, A SHoRT
ACCONT OF THE HI STORY OF MATHEMATICS --- (4t h ed. 1908).

133 Apparently, Hegel "had no very high opinion of Newton's
ability to deal with thoughts."” Renate Wahsner, The Philosophical
Background to Hegel's Criticism of Newton, in HeGL AND Newroni ANl sm 81
(M chael John Petry ed., 1993). Thus, Hegel el sewhere accuses Newton
of having "fl ooded nechanics with nonstrous netaphysics."” Hecl' s
PH LosoPHY oF NaTure 8 270 Remark (A.V. MIler trans., 1970).

134 For exanple, if x = 2a + 3, and y = 3a? then *x/*a = 2 and
*y/ *a = 6a. According to the product rule, *xy/*x = (2)(3a? + (2a +
3)6a = 18a? + 18a.



Hence, the product rule (by which we cal cul ate the derivative of
*xy/ *x) | eaves out the product of the differentials ( *x*y)--the usual
i mpreci sion of which 18th century cal culus was guilty. "It canonly
have been the need to establish the all-inportant fluxional cal cul us
whi ch coul d bri ng Newt on t o decei ve hinsel f with such a proof, " Hegel
remarks. (263) 1%

Many of Newton's proofs, Hegel conplains, involvetheinfinite
series. Hi s equations can only be sol ved by approxi mati ons. These
om ssi ons, Hegel says, "gave hi s opponents t he occasi on of atriunph of
their nmethod over his." (263) Thus, in nechanics, the function of
notion is devel oped froma series. The series is given a specific
meani ng. The first termrefers tothe nonent of velocity. The second
referstoacceleratingforce. Thethirdrefers tothe resi stance of
forces. The terns of these series are not to be regarded as parts of a
whol e, but are rather " qualitative moments of a whole determined by the
concept." (264) Thus, Hegel says,

the om ssion of the rest of the terns belonging to the
spuriouslyinfinite series acquires an al together different
meani ng from om ssion on the ground of their relative
smal | ness. The error in the Newtonian sol uti on arose, not
because terns of the series were negl ected only as parts of
a sum, but because the term containing the qualitative
determination, which is the essential point, was ignored.
(264)

I n ot her words, Newtonian physics omts the True Infinite, which was
expel | ed fromthe anal ysi s when the Spurious I nfinite was transforned
into a fixed sum

I nalengthy footnote, Hegel, quotes Lagrange as denonstrati ng how
parts of infinite series areleft out in Newton's denonstrations. In
t hi s denonstrati on, space traversed i s considered as a function of tine
el apsed (x =ft). When devel oped as f(t +*t), aninfinite seriesis
devel oped: ft +*f't +*2f'"t/2. . . Motionis therefore saidto be
"conposed"- - a Hegel i an swear wor d'*¢- - of various partial notions. (264

n.1l) Each part is |ikew se expressed by the same infinite series.

Intheinfinite series, thefirst derivativeis associatedw th
vel ocity. The second derivative is associated w th accel eration. 3 The
third derivative and the rest are sinply ignored. 138

135 Newt on called *x or *y "fluxions." Fluxions were "evanescent
guantities" and had a significance separate and apart fromthe ratio

*yl *x. Bover, CaLcuus, supra note 115, at 255.

136 Conmposed things--i.e., 2/7--are brought together by an
outside finite will and are therefore dooned to de-conpose.

B E.g., GeoreE B. THowas, JR, CaLcuLus AND ANALYTI C GEQveTRY 60
(3d ed. 1962).

138 | n other words, "negligibility of terns of order three and
hi gher in the Tayl or-devel opnment of the path as a function of tine,

is an enpirical, not a mathematical fact." Loui k Fleischhacker,

Hegel



Newt oni an procedure, Hegel remarks, "is made t o depend on t he
qual itative meaning. " (265) By this, Hegel probably neans that, since
the procedureis exact, it is not entirely quantitative and henceis
therefore qualitative. Thus, Newton and his fol | owers suppose t hey om t
thetail end of the series becauseit is aninsignificant sum "while
the reason for omttingthemis madeto consist intherelativity of
their gquantum. " (266) Therelativity in questionjustifies the belief
t hat the om ssi ons are based on a quantitative insignificance, not a
qualitative one.

What physics shoul d do, then, istostate the qualitative meaning
and make t he procedure depend onit. This woul d di splace the formalism
of Newt oni an nmet hod. Specul ative Reason has nodifficulty in endingthe
serieswiththefirst derivative (f't), because Specul ati ve Reason
names this the True Infinite.

Thus t he om ssion of therest of theterns i s not on account
of their relative smallness; and sothereis no assunption
of an i nexactitude, an error or m stake which could be
conpensated or rectified by another error . . . (265)

| f Specul ati ve Reason were i n control of physics, it woul drecognize
thefirst derivative as arelation, not a sum Physics woul d be saved
fromthe Spurious Infinite.

Limit. The mathematical notion of limt, Hegel says, is
qualitative in nature. It inplies "the true category of the
qualitatively determ ned rel ati on of vari abl e magni t udes. " (266) Thus
*x and *y, which represent theinfinitesimlly small changes of x and
y, "are supposed to be taken sinply and sol el y as nonents of *y/ *x."
(266-67) Indeed, the ratio *y/*x is to be taken as indivisible.
Indivisibility (i.e., sinplicity) is the hallmrk of Quality.

Limt hereisthelimt of agiven function. For exanple, given
y = 3x2

limy =3
I n mat hematics, thelimt of y:3x2 has no rel ationtoy=3x2as such.
But t he very use of the phrase "limt" suggests "limt of something."

(267) "It is supposedto bethelimt of the ratio between the two
increments by which the two vari abl e magnltudes connected in an
equati on are supposed to have been increased'--or, inshort, it is
supposed to be *y/*x. This increase of the function need not be
infinitely small. In any case, the "way inwhichthelimt is found
i nvol ves the sanme inconsistences as are contained in the other
met hods. " (267)

Hegel gives this exanple: supposey =fx. Consider y + k. Any
constant (k, to be taken here as >x)) can be expressed as aninfinite
series. Hence, k =ph +qgh?2. . . ; andy +k=fx +ph+qgh?. . . If
we di vi de bot h si des of this equation by h, we get k/ h =p +gh +rh?

I f h vani shes, because of its insignificance, the right side of

on Mathematics and Experimental Science, in HeGL AND NEWON ANI SM
207, 211 (M chael John Petry ed., 1993).



t hi s equati on al so vani shes, with the exceptionof p. This pisthe
limt of the ratio of the two increnments (*y/*x). In short, for
"vani shi ng" purposes, h =0. Yet k/h cannot equal 0/0. It nust remain
a ratio, so, for this purpose, h > 0.

The ideaof limt (p) was to avoid the inconsistency inwhichh
is inplicated. The limt (p) is not 0/0, but only an infinite
approximation. This limt (the infinitely small) is no |onger a
quantitative difference. But we have not gotten away from*y/ *x = 0.
If *y/*x = p--a quantitative ratio--then how could h = 0--an
i ndi spensabl e assunption if p = *y/*x?

To this there is at once an obvi ous answer, the sinple,
meagre answer that it is acoefficient derivedin such and
such a way--the first function, derived in a certain
specific manner, of an original function. (268)

If this suffices as an answer, thetheory of imts would beridof the
troubl esone i ncrenents. But what neani ng, then, does p have--"apart
fromthe neagre definition, quite adequate for this theory, that it is
sinply a function derived fromthe expansion of a binomal"? (269)
Hegel next addresses the "confusion which the concept of
approximation . . . has occasioned inthe understandi ng of the true,
qualitative determ nateness" of y/*x. (269) The "so-called
infinitesi mls express the vani shing of the sides of the ratio as
gquanta. [What remains is their quantitative relation solely as
qualitatively determ ned." (269) Thereis noloss of the qualitative
relation here. Onthecontrary, "it isjust thisrelationwhichresults
fromthe conversion of finite into infinite magni tudes."” (269)
Hegel conpl ai ns that the ordi nat e and absci ssa each vanishinto
ayet smaller ordi nate or absci ssa. But the absci ssa never seens to
convert itself intothe ordinate or vice versa. This is evidence of
qualitative determ nations of *y or *x.
The cal cul us, however, insists that *y, for exanple, is aquantum
-an "el enment of the ordinate." (270) Infact, "thelimt here does not
have t he neaning of ratio; it counts only as the final val ue to which
anot her magni tude of a sim | ar kind continual |y approxi mates i n such a
manner that it candiffer fromit by aslittle as we please.” (270) In
truth, *x or *y are not even quanta, and, because of this, it makes no
sense to speak of *x or *y expressing a di stance bet ween t wo quant a.
For this reason, the phrase " approximation of anmagnitudetoitslimt”
is rankly abused. (270) *x is in fact incomrensurable with x, or xj.
Calculus and the physical world. Hegel accuses physics of
extrapol ating forces of nature from cal culus instead of vice versa:

It i s announced as a triunph of sci ence t hat by neans of the
cal cul us alone, | aws are found transcending experience, that
IS, proposition about exi stence which have no exi st ence.
(272)

Of this practice, Hegel remarks, "I do not hesitatetoregard this
affectation as not hi ng nore t han nere juggl ery and w ndow dr essi ng. "



(273) Newton is expressly named as guilty of jugglery. 13

Mat hematics is proclaimed "al together incapable of proving
det erm nati ons of the physical worldinsofar as they are | aws based
onthe gqualitative nature of the nonents [of the subject matter]."
(270) Hence, science is |less than phil osophy, because it "does not
start from the Notion."™ (273) I n science, the "qualitative elenment, in
sofar asit is not taken | ematical |yl fromexperience, |ies outside
its sphere.” (270) Science has a desire to "uphold the honour of
mat hematics” and soit forgetsitslimts. "[T]hus it seened agai nst
i ts honour to acknow edge sinply experience as the course and sol e
proof of enpirical propositions."” (270) I n Hegel's view, experienceis
a poor source for truth.

Hegel predicts the downfall of Newton: "Wt hout doubt, however,
the sane justice wi Il be done to that framework of Newt oni an proof as
was done t o anot her basel ess and artificial Newtonian structure of
opti cal experinments." (270) Here, Hegel refers to the basic rejection
of Newton's optical theories.

Remark 2: The Purpose of the Differential Calculus Deduced
from its Application

Hegel noves fromthe nature of theinfinitesinmal inthe cal cul us

139 One comment at or opi nes:

Treating one of the greatest m nds ever to have devoted
itself to the natural sciences in this manner, naturally
| ed many of Hegel's contenporaries, just as it has led so
many of his later interpreters, into thinking that

[ Hegel ' s] manner of phil osophizing was fundanental |y at
odds with Newton's mat hemati co- mechani cal approach

Since Newton's dynam cs have proved thenselves in the
course of tinme to be immensely superior to the conpeting
approaches of Descartes and Lei bniz, the conclusion has
been drawn that there is really no point in paying any
attention to Hegel's argunents.

Karl - Norbert |1hm g, Hegel's Rejection of the Concept of Force,

in

HeceL AND Newroni ANsm 399,  399-400 (M chael John Petry ed., 1993). But

Bor zeszkowski proclains Hegel "quite right" on this score. "One
to agree with himconpletely when he objects to basing the calc

has
ul us

on, '"an increnent fromthe force of gravity,' or the argunent of the

"uni nportance of the difference.'" Borzeszkowski, supra note 33
76 (footnotes omtted), citing Science of Logic at 272, 259, 26

, at
2.

Cauchy, Heine and Weierstrass, anmong others, would, nore or |ess

cont enpor aneously with Hegel's time, put calculus on the firmer
footing of "limt. Id; Mdore, supra note 112, at 147; MNoretto,
note 65, at 162.

140 7. e., deductively.

supra

141 To paraphrase Kant, experience has insufficient vouchers for

the truth. CRTIQE oF JUDGENT, supra hote 87, at 74.



tothe topic of the applications of the cal culus, which he finds nore
difficult.

Hegel states that "the whol e met hod of the differential cal cul us
is conpleteinthe proposition *x"=nx""*x, or f(x+i) - fx/i =P."
(274) The fornmer expression denotes the power rule. The latter is the
di fference quotient presented (by nme) at t he begi nning of the | ast
remark toillustrate Hegel's comment that cal culus is burdened with
i nexactitude. 2 | n both these formul ae, where a bi nom al formul a has
the formof (x +d), *x is the coefficient of thefirst term(e.g.,
where y = 5x + ¢, *y/*x =5). O cal cul us, Hegel sniffs, "[t]hereis
no need tolearn anything further." (274) The product rul e or the
power rul e of cal cul us foll ows nechanically fromthis. It takes a hal f
hour to | earn cal cul us, Hegel clains:

What takes | onger is sinply the effort tounderstand . . .
how it is that, after so easily . . . finding the
differential, analytically, i.e. purely arithnetically, by
t he expansi on of the function of the variable after this has
received the formof a binomal by the addition of an
increnment ;[ how it is that the second stage can be
correct, nanely the om ssion of all the terns except the
first, of the[infinite] series arisingfromthe expansion.
(274) 145

142 see supra text acconpanying notes 104-06. In Hegel's
formul ation, P = >y/>x. The letter i stands for "increnment."”

143 *xyl *x = x*y + y*x.

144 1'n the difference quotient, this expansion consists in f(x +
i).

145 Such an oni ssion can be witnessed in the Maclaurin series and
the Tayl or series, developed in the first half of the eighteenth
century. The Maclaurin series can be described as follows: Suppose y
= f(x) = a, + a;x + a,x2 . . . + ax". Where f(x) passes through the
origin, x = 0 when y = 0. Hence, f(x) = a, or f(0) = a,. Furthernore

f'"(x) = a; + 2a,x + 3azx? . . . + nax"t?
f''(x) = 2a, + 6azgx + 12a,x?> . . . + naxx"?
f''"(x) =6a; + 24a,x + 60azx? . . . + na,)x"

Where x = 0, "all the ternms except the first" vanish, as Hegel says.
On this assunption

f.(M(x) = nla,
where (!) stands for 1023 . . . n. In other words, the nth
derivative of f(x), where x =0, is a, nultiplied by the factorial of
n(n').

Setting x at zero (f(0)) and solving all the above fornulae for
a, we obtain



Cal cul us, Hegel cl ainms, was not invented for its own sake. Only
after it was invented did mat hematici ans refl ect on the nature of the
practice. Inthe previous Remark, Hegel showed howthe differenti al
(*x) was qualitativeinnature. Hegel's interest inthis denmonstration
was to show the Notion present in the practice. Nowit istimeto
consider the transition fromthis origin to its application.

Relation of Powers. Cal culus hasits spiritual significance when
it dealswith therelations of powers. Thus, as enphasizedinthe prior
Remark, *y/*x =5, wherey = 5x + ¢, but this is not particularly
i nteresting to specul ative philosophy. On the ot her hand, *y/ *x = 3x?,
whichinpliesy =x3+c--thisisspiritually significant, in Hegel's
vi ew. 146 | n t he next chapter, Hegel will showhow, intherelation of
powers (e.g., x2 =vy), Quantity recaptures its Quality.

To be sure, nere al gebra deal s wi th t he hi gher powers, as when t he
roots of quadratic formul ae are "extracted"'#” or when | ogarithns!'® are
used. But "whi ch of the various relations inwhichthe determ nations
of powers can be put is the peculiar interest and subject matter of the
differential calculus.” (276)

The previous Remark showed "the futility of the search for

principles whichwuld. . . solvethecontradictionreveal ed by the

a, = f'(x)

a, = f''"(x)/2!

a; = f'""(x)/3!

a, = f,(W(x)/n!

Substituting these values back intoy = a;, + a;x + a,x? . . . + ax",
we obtain

y =f(0) + f'(0)x + f""(0)x#2 + f"""(0)x% 3" . . . + f,(W(0O)x"/n!

This is Maclaurin's series. It calculates a power series for val ues
of x near zero. Taylor's series works for values of x that are not
near zero.

146 Thus, Hegel remarks: "the express qualitative nature of
quantity is essentlally connected with the fornms of powers, and :
the specific interest of the differential calculus is to operate with
qualitative forms of magnitude." (276) Only when cal culus deals with
t he higher powers does cal culus operate overtly with "qualitative
forms of magnitude."

147 Thus, a quadratic equation (i.e., one with a "square" in it),
has the formof ax?2 + bx + ¢ = 0. The "root" is x, and it is the
privilege of a quadratic equation to have two different roots (where
b2 =/ = 4c). Thus, in x? = 25 (or, to use the quadratic form in x? +
Ox + 25 = 0), x is either 5 or -5. Hegel, in the text, is saying that
sol ving quadratic equations is spiritually unrewardi ng, conpared to
t he operation of calculus on the relation of powers.

148 A |ogarithmis the exponent that ties two known quanta
together. Thus, in 4t = 16, t is the logarithm and, of course, t = 2.
Logarithnms are subject to their own strictly mathematical | aws.



met hod instead of excusing it or covering up nerely by the
i nsignificance of what is hereto beomtted."” (276) But perhaps from
appl i cati ons adequate principles could be derived.

I n his search for the specul ative truth, Hegel exam nes two ki nds
of subject matter--(a) second degree equations and (b) infinite series
(which Hegel calls functions of potentiation).

(a) Hegel nentions equations in the formof y2 = x. !0 Such an
equation is indeterm nate. If, however, one of the variables is
assigned a fi xed val ue, then the ot her has one al so. Thus, oneis a
function of the ot her. Wien such fornul ae are rendered determ nate in
t hi s way, such formul as are "sinple, uninportant, easy determ nations."
(278) They are made di fficult, however, "by inportingintothemwhat
t hey do not containinorder that this may t hen be derived fromt hem -
nanel y, the specific determ nation of the differential cal culus." (278)

Hegel considers therel ation of constants to vari ables. O these
constants, Hegel wites, "it is . . . an indifferent enpirical
magni tude determ ning the variables only with respect to their
enpirical quantumas limt of their m ni rumand maxi rum" (278) Thus,
t o change Hegel ' s princi pal exanple abit, take x2 + 2 =y. The const ant
determ nes t he mi ni numof the parabola. O, if -x2- 2 =y, 2 becones
t he maxi mumof t he parabola. ™ No matter what valuesy or x take, 21is
unaffected. Yet 2itself isrelatedto y? by cal culus. For instance, a
straight line (e.g., x =2y) is nade into a parabola (x =y2+ c) by

149 Hegel's text subdivides the Remark into paragraph (a) and
par agraph (b), which I have followed in ny own text.

150 This is in fact a quadratic equation, and can be expressed as
y2 +0y + x = 0.

151 These parabol as can be drawn as foll ows:

[AIl illustrations are set forth at
the end of this manuscript.]

Constant as Maximum/Minimum of Parabola

| have changed Hegel's standard exanple of x = y2 because such a

par abol a does not properly yield a function at all and sinultaneously
has a m nimum and a maxi mum This parabola is not a function because
each value of x yields nore than one value of y, as the follow ng

di agram shows:



i ntegration. ™ The "expansi on of the bi nonmi al general |l y" shows t he
constant toberelatedtothe roots (278). ' Hegel al so wites, "Were,
intheintegral cal culus, the constant is determ ned fromthe gi ven
formula, it istothat extent treated as a function of this." (278)
"This" referstothe"root." Presumably thisisillustrated by the fact
that the "primtive" of the constant 2is 2x +c, thereby show ng t hat
the constant 2isrelatedtotheroot x (not to nmentionthe additional
constant c). This indifferent enpirical magnitude is actually a
relation to what is otherw se taken as diverse and unrel at ed.

Cal cul us, Hegel thinks, is nost significant for specul ative
pur poses when appliedto equations of hi gher powers. The significance
of this hastodow ththe major point of chapter 6 ("The Quantitative
Rel ation or Quantitative Rati0"). Accordingtothat chapter, Quantum
recapturesitsintegrityinthis kindof relationship: xf{x =16. In such
a"ratio" of xto x, nooutside mat hemati ci an can mani pul at e t he val ue
of x, solong as 16 holds fast. The vari abl e x t hus has "bei ng-for-
self," and Quantum has recaptured Quality.

These noves from chapter 6 explain why Hegel enphasizes the

152 Or, in other words, *y/*x = 2x, where y = x2 2x is a
straight line, and y = x2 is a parabolic curve. The exact phrase
Hegel writes here is "a straight line, for exanple, has the neaning
of being the paranmeter of a parabola."” (278) It is also possible that
Hegel has in mnd the "directrix"” of a parabola. A parabola is
defined is the points equidistant froma straight line and a "focus"-
-a point:

[AIl illustrations are set forth at
the end of this manuscript.]

Parabola, Focus and Directrix
In any case, both these ideas relate the line to the parabolic curve.

153 Specifically Hegel states, "the coefficient of the first term
of the devel opnent is the sumof the roots, the coefficient of the
second is the sum of the products, in pairs.” (278) Presumably, this
remark is explained as follows. In a quadratic equation in the form
ax?2 + bx + ¢ = 0, x has two solutions which are the "roots." Thus, if
we have x? - 8x + 15 = 0, x = {3, 5}. The above formula al so can be
expressed as (x - 5)(x - 3) =0. In nore general terns, if 3 =r,; and
5 =1, then (x - ry)(x - r,) = 0. If we convert (x - ry)(x - ry =20
to the quadratic form we obtain x2 - ryXx - ro,x + rqr, =0, or x? - (r,
+ r,)x + rq.r, = 0. Substituting 3 and 5 back in, (x - 5)(x - 3) = x? -
(3 + 5)x + (305). In this last fornulation, one can see that, if "the
devel opnent” of the expansion of the binom al excludes x? and
includes only (r; + ry)x + rqyr,, then the coefficient of the first
termis the sumof the roots. The second term (which, however, is not
a function of x) is a nunber (or "suni) that is the product of the
roots. Hence, the constants (a, b, c) are related to the roots (the
two magni tudes of x). This, at least, is what | think Hegel is
driving at. In any case, Hegel is right that the constants are
related to the roots.



signi ficance of variabl es whenthey areinarelationof powers (as x
isinxfx =16). Insucharelation"[t]he alteration of variablesis

. . qualitatively determ ned, and hence continuous." (278) By
"cont i nuous” Hegel neans that x remains what it is (hence qualitatively
determ ned) even as it influences the other x.

Inthisrelationship, it isveryinportant, Hegel says, that what
he call s t he "exponent" x (what we woul d call the variable) beina
relationshipwithitself. The variable "raised" tothe first power (x?!
= x) may have significanceinrelationwth other, higher powers, but
onitsown, "xis nerely any indetermnate quantum™ (279) Calculusis
(spirit ual | y) pointl ess when appliedto equatl ons of the first order
(asiny =ax!'+c). To be sure, we can wite *y/*x = a, but nothing
is gained fromthis, in terms of devel oping the Noti on of Quant um

(b) I'n equations of the second order or higher (e.g., y2=x),
"the power i s taken as beingwithin itselfarelationor a system of
relations." (279) Hegel defines power as "nunber whi ch has reached t he
stage where it determines its own alteration."™ (279) In such a
relation, the "monents of unit and anount are identical." (280)

Power i s al ways a nunber. Thus, when 4 is raised tothe second
power, theresult is 16, or when cubed, 4 becones 64. These "powers"
(16 or 64) could itself be "analysed into an arbitrary anount of
nunbers whi ch have no further determ nationrel atively to one anot her
or their sum other than that together they are equal to the sum™"
(280) I f we take 16, these can be split intoindifferent parts: 15+ 1
=16, or 7+ 9 =16. Such a procedure has no phi |l osophi c significance.
But t he power coul d |ikew se be "split into asumof differences which
are deternined by the form of the power." (280) That i s, if xfx = 16,
x has acertainqualitativeintegrity of its own, i mmune fromout si de
mani pul ation.

As Hegel isinterestedinquadratic fornulas at this point, Hegel
suggests that 16 shoul d be vi ewed as a sum or (y +2z)2=y2+ 2yz + 22
= 16. Thus, each "radical root" is a binomal (y +z). Althoughthe
roots could be taken as pol ynom al, such "further increase inthe
nunber of ternms is a nere repetition of the sane determ nati on and
t heref ore neani ngl ess.” (280) "[ G enui ne universality" is onfull
di splay with the binom al. (280) Once we have a binom al "thelawis
found."” (280 n.1) The lawin question, presumably, isthe " qualitative
determinateness of theternms resulting fromthe raising to a power of
the root taken as a sum™ (280)

Hegel says, "This determ nateness lies solelyinthe alteration
whi ch t he potentiationis.” (280) Potenti ati on may be defined as "the
st ate of being rendered nore potent, or nore active." (280) Hegel uses
t he phrase "function of potentiation” to describe the follow ng series:
x"=(y +z)"=y"+ ny™z + n(n-1)y™?z2/2 + n(n-1)(n-2)yn3z3 3!

. 1% Thus, "potentiation" reveals any Quantumto be qualitative at

154 This is the binom al theorem di scovered by |saac Newton. See
BoveErR, MaTHEMATICS, supra note 115, at 393-96; Niccol 0o Guicciardini,
Newton and British Newtonians on the Foundation of the Calculus, in
HeceL AND NewronANsM 167, 170 (M chael John Petry ed., 1993). The
text reflects a slight change and extrapolation fromthe Ml er
translation on which this comentary is |largely based. According to
t hat source, x" = (y + z)" =y + ny™z . . . (281) In other words,



heart--a power to sonme binon al.
I f x (which stands for some nagnitude) is renderedinto a series,
X can be shown to contain within it a power relation.

But inthis connexionit is essential todistinguish another
obj ect of interest, nanmely the relation of the fundamental
magnitude itself (whose determ nateness, sinceit is a
conplex, i.e. here an equation, includes within itself a
power) to the functions of potentiation. Thi s relation,
taken i n conpl et e abstraction fromthe previ ously nenti oned

interest of the sum, will show itself to be the sole
st andpoi nt yi el ded by the practical aspect of the science.
(280-81)

To transl ate, the "fundanmental magni tude” woul d be the power (16 inthe
expression x2 = 16). The function of potentiation reveals the
qualitative core (x) at the heart of any Quantum D vorced fromnere
arithmetic, the qualitative nature of the relation of powers thus
enmerges froma "spiritual" study of cal cul us.

Beforethis qualitativerelationis considered, Hegel wishes to
di spel a possibleinplicationof what has been sai d. The vari abl e t hat
isself-determinedin the power relation (xinx2=16) isinfact a
systemof ternms. Thus, x"=(y +z)"=y"+ny™z + n(n-1)y™2z2/ 2 + n(n-
1)(n-2)ym3z3/ 3! . . . . What matters here, Hegel asserts, is, not the
sumas such, but the power rel ati onreveal edinthe above series. The
power rel ation as such can be i sol ated or abstracted fromthe "pl us"
signs of the above series.

But every power | i kew se has an express "plus sign”" init asthe
precedi ng power series reveals. This "plus sign" stands for
i ndet erm nacy, or quantitative difference. O, in other words, the
power rel ati on may be an advance over si npl er Quantum but not that
much of an advance such that it is entirely i mune from outside
mani pul ati on. Even the power rel ati on has (sone of its) quality outside
itself, as the chapters on Measure wi | | enphasi ze. For this reason,
Hegel remarKks:

To treat an equati on of the powers of its variables as a
rel ati on of the functi ons devel oped by potentiationcan, in
the first place, be saidto be just amatter of choice Or a
possibility;, the utility of such atransformation has to be
i ndi cated by some further purpose or use . . . (281)

I n ot her words, quanta do not transformthemselves t 0 power series.
Sone out si de force nust make it happen. The Hegel i an notive to do so,
of course, would be to further progress in the Logic from beyond
Quantity to Measure. Obj ective progressinthe Logic still depends so

the exponent n is left off the y variable, which is incorrect. The
Johnston-Struthers translation does not make this error. Hec's
Saence oF Loac 298 (WH. Johnston & L. G Struthers trans., 1929).



far on subjective intervention.

Inthe function of potentiationgivenby Hegel, x"=(y +z)"=y
+ ny™'z + n(n-1)y™2z? 2 + n(n-1)(n- 2)y“3rﬁ3l .o ., every term
beyondy is the derivativeof (y+z)"multiplied by z and di vi ded by
n! Because the derivativeisinvolvedinthis expansion, theincrenent
(z = *x) is added to the original variable y. According to the
mat hemat i ci ans, *x "i s supposed to be not a quantumbut only a form,
t he whol e val ue of whichisthat it assiststhe devel opnent." (282) 156
Eul er and Lagrange adm t that the expansionis intendedto producethe
coefficients of the variables. But setting z at 1 instead of an
i ncrenment woul d |ikewi se preserve coefficients, if that isall that is
required. **® Meanwhil e, the use of *x =z istobecriticized because
*x "is burdened with the fal se i dea of a quantitative difference" which
nmust | ater be "renoved and | eft out." (282) In any case, "the essenti al
poi nt of interest” is the revelation of the power relationinherent in
any Quantum Thi s "power determination is immediate." (282) That is, it
resists officious interneddling by the mat hemati ci an and shows a nonent
of integrity within any Quantum

Nor should this "power determ nation" be defined as the
coefficient of thefirst term 1% Apparently, this "quantifies" *x

155 This is the so-called "silent fourth" of the Quality
chapters. Carsoy, supra note 2, at 485-88.

156 | n general, Hegel accuses mathematics of quantifying *x
instead of leaving it an unnaneable quality. Here he perhaps suggests
that the practice of mathematics is inconsistent: it justifies the
addition of the increment because the increment is pure form
(qualitative, not quantitative).

157 Hegel 's exact sentence: "it is admtted--nost categorically
by Eul er and Lagrange and in the previously nmentioned concept of
[imt--that what is wanted is only the resulting power determ nations
of the variables, the so-called coefficients, nanely, of the
increment and its powers, according to which the series is ordered
and to which the different coefficients belong." (282)

158 Hegel seens to suggest that Euler and Lagrange hold that y =
X - *x, and that z = *x, but in fact the fornmula works for any val ue
of z.Hegel also states in this regard:

In order to retain the formof a series
expanded on the basis of powers, the

desi gnati ons of the exponents as indices could
equally well be attached to the one. (282)

| take this remark to nean the following: In the power series x" = (y
+ 2z)2 =y + ny™z! + n(n-1)y™2z%2/2 + n(n-1)(n-2)y™3z3/ 3! . . . . the
exponent to z indexes the terns of the expansion--the anmbunt added to

. If z =1, Hegel is saying, the exponent to z would still
effectively index the terns of the expansion.

159 Thi s can be discerned supra in note 145.



illegitimtely. Insteadthe series shoul d be descri bed as a "derived
function of a power." (283) Presumably, this would signal the
qualitative nature of *x.

What i s to be nade of the power relationrevealedinthe function
of potentiation?, Hegel asks. He observes that the series involves a
decrease i nt he magni t ude of t he exponent: thus, n-1yieldston-2,
whichinturnyieldston-3, asw travel fromthe first, second and
third derivative. This series reflects the nature of space. Thus, x3
descri bes a cube, with hei ght, space and wi dth. The first derivative
(3x? reduces the cube to a pl ane. The second derivative (6x) reduces
the planeto aline. The cal cul us anounts to a rel ati on between t hese
vari ous di nensions. "The straight line [y = 6x] has an enpiri cal
guantum " Hegel writes (283). But the plane [3x?] is qualitative; it
contains a power relation.

Simlarly, wwthregardto notion, the function of space traversed
totine elapsedisaquantitativerelation--that is, astraight Iine
wi th no power rel ation. But accel erati ng or decel erati ng speed i nvol ves
a power relation and hence is qualitative.

The di fferential cal cul us as appliedtothese rel ati ons appears
arbitrary, but this would not be the case if one is aware of "the
nat ure of the spheresinwhichits applicationis permssible." (284)
Hegel inplies that sone consideration of ahigher order equationtoits
derivative will reveal sonething on this score.

Hegel i nvokes "t he sinpl est exanpl e fromcurves determ ned by an
equati on of the second degree." (284) For instance, f(x) =x2?2+ c. The
first derivative of such a formul a produces the sl ope of the line
tangent tothis curve (2x). Gther relevant linestothis curve are the
“normal ," whichis perpendicul ar to the tangent ' and t he subt angent . ¢
"The problem "™ Hegel wites, "consists in finding the connection
bet ween the relation of these |lines and the equation of the curve."
(285)

Tangents. Hegel then launches into ahistory of therelationship
bet ween t he parabolic curve and the straight line. At first, this
rel ati on was di scovered enpirically. Newon's teacher | saac Barrowset
forth anethod for findingthe slope of |ines tangent to curves that
was di stinct fromNew on's cal cul us. Barrowwoul d consi der a poi nt on
a curve--say a parabolic curve described as y2 = x, to use Hegel 's
favorite exanple. He then woul d t ake a second poi nt on the curve very
close to this point. This second point, if belowy? = x, could be
described as (y - *y)2=(x - *x), where a is an increment on the

160 The normal has a slope that is the negative reciprocal of the
sl ope of the tangent line. Thus, if the slope of the tangent is
f'(x), the slope of the normal is -1/f'(x).

161 The subtangent is distance on the abscissa, as neasured from
the line that proceeds directly downward fromthe intersection of the
normal and the tangent, to the point where the tangent |ine neets the
abscissa. In short, it is the horizontal base of a right triangle. It
wi Il becone inportant in the pre-cal culus nethod of |saac Barrow. See
infra text acconpanying notes 162-64.



ordinate and e is an increnent on the abscissa.% |f y2 = x is
subtracted from(y - *y)2=(x - *x), theresult is 2(*y)(y) - *y?2=
*x. Since *yisaninfinitesimal, *y?isinfinitely smaller. Therefore,
Barrow"gives theinstruction, inthe formof a nere rule, to reject as
superfluous the ternms which, as a result of the expansion of the
equati ons, appears as powers of the saidincrenments or as products.”
(285) *y?2istheincrement tothe second power, and is al sothe product
of increments. If we choose to i gnore *y? then 2(*y)(y) =*x. Dviding
both sides of this |last equation by *y, we obtain *x/*y = 2y.
Consi der the follow ng diagram

[All illustrations are set forth at
the end of this manuscript.]

Barrow's Method

Hegel wites "for theincrenents of the ordi nate and absci ssa, the
ordinate itsel f and t he subt angent respectively are to be substituted.”
(285) Inother words, PRis theincrenment of the ordinate and QRis the
i ncrement of the abscissa. Theratio PRRQRis equal totheratio of the
"ordinateitsel f" (285) (PM or y?inthe above fornul ation) and the
subtangent (TM. O, PRRQR = y3TM

Of this nethod, Hegel wites:

The procedure, if one may say so, can hardly be set forthin
a nore school masterli ke manner; the latter substitution
[PRRQR=y2/TM i s the assunption of the proportionality of
the i ncrements of the ordi nate and t he absci ssawththe
ordi nat e and t he subt angent, an assunpti on on whi ch i s based
the determ nation of the [sl ope of] the tangent in the
ordinary differential nethod; in Barrows rule this
assunption appears in all its naive nakedness. (285-86)

I nthe pre-cal cul us days of Barrowand Fermat, "[i]t was a nat henati cal
craze of thosetinmes to find so-calledmethods, i.e. rules of that kind
and to make a secret of them" (286) | ndeed, Barrow s t echni que was not
even a method. Not hi ng was deri ved fromestablished principles. "[T] he
i nventors had found only a enpirical external rul es, not a nethod."
(286) Lei bniz and Newt on general i zed t he formof such enpirical rules
and thereby "opened up new paths for the sciences."” (286)

The nor e genui ne way of proceedi ng (conpared to Barrow s net hod)
isasfollows. First, "the power fornms (of the vari abl es of course)
containedinthe equationarereducedtotheir first functions." (286)
The val ue of the terns of the equati on, however, are altered. The two
functions do not equal each other. Rather, they are sinply in a
relation. ' The "primtive" functionis acurve; the derivativeis a

162 These are "the tiny little lines afterwards known as
increments in the characteristic triangle of a curve." (285)

163 Hegel writes: "lInstead of px = y? we have p:2y." (286) This
is so on the rules of inplicit differentiation (a version of the
"chain rule"). According to this method, we take the derivative of



line. " But with all this nothing is as yet known," Hegel insists. (286)
Even t he anci ent s under st ood Barrow s sevent eent h-century net hod of
finding the slope of the tangent line by taking the ratio of the
ordinate (y) tothe subtangent. What t he noder ns added i s t he direct
node of producing the derivative fromthe primtive function.
Nevert hel ess:

the imaginary increments of the co-ordinates and an
i magi nary characteristictriangle formed by themand by an
equal ly imaginary increment of the tangent, have been
invented in order that the proportionality of theratio
found by | owering t he degree of the equationtotheratio
formed by t he ordi nat e and subt angent, may be represent ed,
not as sonet hing only enpirically accepted as an al ready
fam liar fact, but as something denonstrated. (287)

| n ot her words, *y/ *x i s designedto |l ook famliar and confortableto
those famliar with Barrow s net hod.

Lagrange rejected "thi s pretence and t ook t he genuinely scientific
course." (287) He dispensedwith"infinitely small arcs, ordi nates and
absci ssae" and hence wi th *y/ *x. 1% Wth regard to*y/ *x, however, the
line derived "is determinedonlyinsofar asit fornms the side of a
triangle." (287) The uni que point that conjoins theline andthe curve
alsofornms a part of thetriangle. The tangent |ine thus has the form
p =aq. This "determ nati on does not require the additional term +0Db
whi ch i s added only on account of the fondness for generality." (288)1%
Hegel also draws attention to the fact that a = p/q, and the
coefficient of a(here, 1) isthe derivative of dp/dqg. Thus, ais "the
essential determ nation of the straight line which is applied as
tangent to the curve." (288)

Descartes. I norder to showthat the straight |ine produced by
derivationis the sane straight |ine as the tangent, Descartes (who
i ved nore than a century before Lagrange) had recourse to increnents
of the ordi nate and t he absci ssa. "Thus here, too, the objectionable

both sides of the equation in terms of x. Hence, dpx/*x =

(*y? *y) (*yl/ *x), or p = 2y*y/*x. Hence, *y/*x = p/2y. Hegel also
poses 2ax - x? = y? and suggests that the derivative is a - x:y. This
must be read as (a - x)/y. That is:

d2ax/ *x - *x2/ *x = (*y?/ *y) (*y/ *x)
2a - 2x = 2y(*yl *x)
*yl*x = (a - x)Ily

164 Cf . Bover, CaLcwus, supra note 115, at 13 ("The cal cul us has
t herefore been gradually emanci pated from geonetry and has been nade
dependent through the definitions of the derivative and the integral,
on the notion of the natural nunbers . . . ").

165 Thus, if x =y? or if x =y2 + b, the derivative is 2y
regardl ess. The "+ b," Hegel charges, is added for sentinental
reasons.



increment al so makes its appearance." (288) But Descartes nust be
acquitted of the sins of cal cul us. Descartes was justified because he
was acti ng as a geonet er, when he asserted that a poi nt on a curve has
a uni que tangent |ine. "For, as thus determ ned, the quality of tangent
or not-tangent i s reduced to a quantitative difference." (289) The
tangent lineis sinply the smallest line (perhapsinterms of its
difference between itself and the parabolic curve, which the derived
lineis supposedtorepresent). Such arelative snmall ness "contains no
enpi rical el enent whatever"” and not hi ng dependent on a quantumas
such." (289) Yet, although reducedto quantitative difference, theline
isqualitative, if thelineis derivedfroma"differencein powers."
(289) Apparently referringtothe type of expansi on associated wth
| saac Barrow, %6 Hegel observes that the tangent |ine (when expanded to
di scover the sl ope of theline) reveals adifferenceof i andi? (in
Cartesian terns) % or *y and *y? (in Leibnizian terns). That i?is
conparatively smaller thani islogicallytrue--aqualitativerelation.
Hence, any attri bution of a quantumto i is "superfluous andin fact
out of place." (289) Hegel thus acquits Descartes of relying on
infinitesimals in his analysis of the "greater smal | ness" of the
tangent line (conpared to the parabolic curve).

Hegel regrets that the Cartesi an tangenti al nethod i s "nowadays
nostly forgotten."” (289) Hegel quotes Descartes as statingthat this
met hod i s "t he nost useful and nost general probl emthat I know but
even that | ever desired to know in geonmetry. "% Hegel rather
cryptically descri bes Descartes' net hod of findi ng the sl ope of the
tangent. Here is an exanple of howit worked, with regard to the
t angent of a given parabolic formula, say y2=px, touse a formul a
Hegel favors. Descartes first i magi ned an unknown poi nt on t hat curve--
sone val ue of x and y. For ease of illustration, suppose {x, y} =p.
Descartes then i magi ned a circl e whose center was on t he abscissaw th
a distance of hfromthe origin. If thecircle has "equal roots,"the

%6 |t will be recalled that Barrow started with y? =
expanded both x and y by an increnent: (y - *y)2 = x - *x. The
original formula, y? = x, was subtracted from(y - *y)2 = x - *x, and
the result was 2(*y)(y) - *y?2 = *x. Since *y is an infinitesiml,

*y2 is infinitely smaller. This authorized Barrow to sinply ignore
*y2. See supra text acconpanying notes 155-56.

167 Here i stands for an increnent.

8 M |ler |eaves this quoted in untranslated French. The
transl ation provided foll ows Bover, MATHEMATICS, supra note 115, at
166.

169 The roots of a quadratic equation are equal when the
“discrimnant"” is equal to zero. The discrimnant is b? - 4ac in the
standard solution to quadratic equations:



radius of thiscircleisthe "normal," whichis perpendicular tothe
tangent. If we knowt he sl ope of the normal, we knowt he sl ope of the
tangent, which is nerely its inverse reciprocal.

The sl ope of the normal is defined as theratio of the ordinate
(y =p) and the "subnormal” (h - p).'% Hence, his the unknown t hat
nmust be calculated to solve the problem

The general formulafor acircle whose center isnot at the origin
is x2+y2- 2hx - 2ky + k? + h2 - r2 = 0. ' Because the center of this
circle on the abscissa, k = 0, thereby sinplifying the fornula.
Meanwhile, r2=(x - h)2+ (y - k)2, by the Pythagorean theorem Since
{x, y} =p, thenr?2=(h- p)? + p2 Substituti ng t hi s expressi on of r?2,
we obtain x? +y?- 2hx + h?2- [(h - p)?2+p? =0, or, nore sinply, x?
+y2- 2hx + 2ph - 2p2=0. Fromthe given parabola we know t hat y2 =
px. Substituting, we have x? + px - 2hx + 2ph - 2p?2 = 0. Rearrangedin
the formof aquadratic, we have x2 + (p - 2h)x + (2ph - 2p?) = 0. Were
h =3p/ 2,2 the quadratic equation just given has equal roots (p, p).
Therefore the sl ope of the normal is -p/(h-p) =-p/(1.5p)-p=-2.173

For instance, given (x - 3)2 =0, the two roots are obviously 3. The
di scrimnant is zero, because b =6, a =1, and ¢c = 9.

170 Just as the subtangent is space on the absci ssa underneath
the tangent |line, so the subnormal is |ike space under the normal.

171 The forrmula for a circle whose center is the origin is the
Pyt hagorean theorem r2? = x? + y?, where x and y are points on the
circle. If the center is not the origin, the fornula beconmes (x - h)?2
+ (y - k)2 =7r2 where h is the distance fromthe center to the
ordinate and k is the distance fromthe center to the abscissa.
Mul tiplied out, the fornmula becomes x? + y2 - 2hx - 2hx - 2ky + k? +
h?2 = r2, Subtracting both sides of the fornmula by r? we obtain the
"standard formi' of the circle's formula: x2 + y? - 2hx - 2hx - 2ky +
k2 + hz - r2 = 0.

172 This conclusion is reached by use of the discrimnant, b? =
4ac, which holds when the quadratic equation has equal roots. See
supra note 162. In the expression x? + (p - 2h)x + (2ph - 2p% =0, a
=1, b= (p - 2h), ¢ = (2ph - 2p?) . Substituting this into b? = 4ac:

(p - 2h)? = 4(2ph - 2p?
p° - 4ph + 4h? = 8ph - 8p?
9p2 - 12hp + 4h2 =0

Once again we exploit the fact that, where roots are equal, b? - 4ac
= 0. Because this is so, the standard solution to the quadratic
equation reduces to x = -b/2a. In the |last quadratic expression, Xx =
p, a =9, b =-12h. Hence, p = 12h/18 and h = 3p/ 2.

173 The sl ope is negative because x and y are in reciprocal
relations with regard to the normal. Below is a diagram of the
Cartesian progress in question.

[AIl illustrations are set forth at the end of



Since the slope of the tangent is the negative reciprocal, the
tangent's slope is 1/2.

Isthistheresult that cal cul us obtai ns? Using t he t echni que of
implicit differentiationony?=px, we obtain*y/*x =p/2y. But since
it is given that y = p, we obtain *y/*x = 1/2.174

This ability to obtainthe tangent al gebraically and wi t hout any
use of the increment is, according to Hegel:

the brilliant device of a genuinely analytical mnd, in
conparison wth which the dogmatically assuned
proportionality of the subtangent and the ordinate with
postulatedinfinitely small, so-calledincrenents, of the
absci ssa and ordinate drops into the backgrounds. (290)1"

Hegel conplains that "it i s by no neans sel f-evident that such a
derivative equationis alsocorrect.” (290) The derivative "yields only
a proportion" between *y and *x. (290) Yet y and x are quanta. These
can be made intoinfinite series--"functions of potentiation." Wen
thisis done, the values of x and y are altered. Nowit is nolonger
certainthat the proportion that previously governed in*y/ *x still
hol ds. "All that the equation *y/*x = Pexpressesisthat Pis aratio
and no ot her real neani ng can be ascri bed to *y/ *x. But even so, we
still do not knowof thisratio=P, towhat other ratioit is equal."
(291)

Furt hernore, Hegel charges, cal cul us cl ains, for i nstance, that
*(x - 3)% *x =2x -6, but it failstovalidatethis conclusion. It is
val i dat ed "fromanot her source"--fromthe Cartesi an al gebrai ¢ net hod of
equal roots. (291) Instead what cal cul us doeswith (x- 3)2=0, isto
equate zero with y and proceed accordingly.

t hi s manuscri pt. ]
The Cartesian Tangential Method

174 Hegel points out that, in a quadratic equation with equal
roots, the coefficient of the term containing the unknown in the
first power is twice the single root (in ternms of its absolute
value). This can be seen easily in (x - 3)2 = x?2 - 6x + 9 = 0.

Obvi ously, the unique answer is x = 3, and this is half the
coefficient of the second term (|6]). Consider also the derivative of
t he above fornmula--2x - 6 = 0. Cal culus obviously agrees that the
derivative is related to a quadratic equation in which a unique root
is half the coefficient of the second term (To be precise, Hegel
uses the exanples of d(x? - ax - b)/*x = 2x - a, and d(x® - px p

q)/ *x = 3x2 - p. | have changed the exanple to sonething nore easily
di gested.)
175 Brilliant Descartes' nmethod may have been, but the above

exanpl e involves x =y = p. For any other value of x and vy,
Descartes' nethod becones, at best, nonstrously conplex. It is no
wonder that Descartes' nmethod is "nowadays nostly forgotten,"” (289)
as calculus finds the slope of the tangent with delightful ease, for
any point on the curve.



Cal cul us has this further fault. G ven that quanta are equal ly
functions of potentiation, it ought to explainthat any magnitude is
t he functi on of ot her magni tudes. It does not do so. It sinply | eaves
t he magni tudes as given. 17¢

The Omitted Constant. Wth regardto x?2- 6x + 9 =(x- 3)?2=0,
the derivative functionis 2x - 6. The constant (9) is omtted w t hout
di scussi on. Hegel thinks that this om ssion neans that, accordingto
cal cul us, the constant plays no part inthe determ nation of the roots
if these roots are equal. The determ nation of the roots was exhaust ed
by t he coefficient of the secondtermof the quadratic equati on. But
thisis not so. InDescartes's exanple (and in the exanpl e just given),
the constant was the square of the roots, which therefore can be
determ ned fromthe constant as well as fromthe coefficients. The
constant is thus a function of the roots.

Terminology. Hegel offers an observation about the nanes
"differentiation” and "integration."” The character of these operations
belietheir nanes. Todifferentiateisto posit differences. But the
result of differentiatingistoreduce the di nensions of an equati on,
andtoomt the constant istorenove an el enent of difference. The
roots of the variables are made equal. Their difference is cancel ed.

Meanwhi | e, inintegration, the constant nust be added agai n. The
previ ously cancel ed difference is restored. The nanes assi gned to t hese
operations hel pto obscure the essential nature of the matter--the
qualitative nature of the increnent.

Mechanics. " Physicists have their own interpretation of the
differential calculus. Velocity (or motion) has already been

176 This is my interpretation of the follow ng passage:

The functional calculus, it is true, is supposed to deal
with functions of potentiation and the differenti al
calculus with differentials; but it by no neans foll ows
fromthis alone that the magnitudes from which the
differentials or functions of potentiation are taken, are
t hensel ves supposed to be only functions of other

magni tudes. Besides, in the theoretical part, in the
instruction to derive the differentials, i.e. the
functions of potentiation, there is no indication that the
magni tudes which are to be subjected to such treatnent are
t hensel ves supposed to be functions of other magnitudes.
(291)

77" Mechanics' refers to the study of the rest and notion of
bodies . . . under the action of normal nechanical forces . . . Its
principal concerns are space and tinme, nmotion and flow, force and
energy, mass and inertia, equilibriumand disequilibrium inpact and
elasticity.” Ivor Grattan- Gui nness, Hegel's Heritage in Applied
Mathematics, i n HeecL Ao Newronansm 201, 202 (M chael John Petry
ed., 1993).



mentioned.'® The formula s = ct,® "offers no neaning for
differentiation." (292) But the equation for the notion of afalling
body (s = at?) 18 does so, and *s/*t = 2at. 2at "is translated into
| anguage, and al so i nto exi stence" (293) as afactor inasum The sum
istheattractive force of gravity and 2at i s supposed to be "the force
of inertia, i.e. of asinply uniformnotion." (293) 2at inplies "that
in infinitely small parts of tinethenmotionisuniform but infinite
parts of tinme, i.e. inactually existent parts of time, it is non-
uniform" (293) 2at inplies "that if gravity ceased to act, the body,
wi th the velocity reached at theend of its fall, woul d cover tw ce the
di stance it had traversed, inthe sane periodof tineasitsfall."
(293) This, Hegel proclains, i s unsatisfactory netaphysics. "[T] he end
of the periodof timeinwhichthe body has fallen, isitself still a
periodof tinme; if it werenot, there woul d be assuned a state of rest
and hence no velocity." (293)

When physics uses the differential inarenas inwhichthereis no
notion, "evennoreillegitimte formalismof i nventing an exi stence”
occurs. (293) Hegel thinks this occursinthe anal ysis of the behavi or
of light ("apart fromwhat is calledits propagationin space") andin
the application of quantitative determ nations to colors. (293)

The noti on describedby s=at?is found enpiricallyinfalling
bodi es. The next sinplest notionis s =ct3 but nosuchnotionis found
innature. Yet s®=at?2is Kepler'sthird!|awof the notion of planets
in the solar system Hegel says.® Now *s/*t = 2at/3s2 182 Hege
suggests that atheory that expl ains the notions of the planets from
the starting point of 2at/3s? "nust indeed present an interesting
probl emi n whi ch anal ysi s woul d di splay a brilliance nost worthy of
itself." (294) Perhaps Hegel is being sarcastic here. 18

178 see supra text acconpanying notes 128039.
179 \Where s is distance, t is time, and c is velocity.

180 |n this fornula, a stands for the accel erati on effect of
gravity.

181 Here, s stands for the seminmpjor axis of an ellipse--i.e.
the farthest distance possible between the planet and the center of
the sun. The variable t stands for the period of the orbit (for
earth, one year).

182 This is so on the inplied differential nethod, wherein we
differentiate both sides of Kepler's formula by t. Hence *s3 *t =
(*s3 *s)(*s/*t) = 3s?(*s/*t), and *at?/ *t = 2at. Conbining these
resul ts:

3s?(*s/ *t) = 2at
*s/*t = 2at/3s?

183 Hegel believed Newton's fane was unjustified--that he nmerely
refornul ated Kepler's third law, and that Kepler deserved the crown.
Science of Logic at 343-44; see also id. at 365 (conpl aining that



The application of cal culus to physicsis not interesting, Hegel
announces. '8 But the analysis of trajectory (in ballistics) is
significant, if trajectoryis acurve defined by the hi gher powers. To
construct such acurve, transitions arerequiredfrom”"rectilinear
functions"--i.e., straight lines. (294) In other words, a cannon bal |
exits the muzzle of the cannon in a straight |ine but, thanks to
gravity, converts its trajectory into a parabolic curve. These
rectilinear functions, "as functions of potentiation,"” are derivatives
t hat nmust be "obt ai ned fromthe origi nal equati on of notion contai ni ng
the factor of tinme." (294) The factor of time, however, is elimnated
when the rectilinear functions are derived, and the powers in the
original equationare "reduced to |l ower functions of devel opnent."
(294) Such considerations leadto "theinteresting feature of the ot her
part of the differential cal cul us"” (294)--presumably the part that
deals with infinite series.

The Integral Calculus. Hegel has nowconcl uded hi s comments onthe
differential cal culus. ' Hi s next subject istheintegral cal cul us.

Newt on's great reputation protects his theories fromcriticism;

PH LosorHY OF NATURE, supra note 33, 8 270 ("It has subsequently beconme
customary to speak as if Newton were the first to have discovered the
proof of these laws. The credit for a discovery has sel dom been
denied a man with nore unjustness."). This, comentators conplain, is
unfair to Newton, who unified Kepler's and Galileo's laws in a single
theory of gravitation. Borzeszkowski, supra note 33, at 78; Wahsner,
supra note 133, at 87-88. One comment ator suggests that Hegel was
guilty of "grotesquely exaggerated patriotism" |hm g, supra note
139, at 400; but see Robert Weinstock, A Worm in Newton's Apple, in
Hece AND Newron ansm 430 (M chael John Petry ed., 1993) (strongly
agreeing that Newton is overrated).

184 Borzeszkowski di sagrees and states that Hegel "ignores the
fact that [*x/*y] creates a new quantity, and that on account of the
duality in space-tine and velocity, it also created the possibility
of representing physically the fact that "to nove neans . . . to be
in this place and not to be in, at one and the sane tine."

Bor zeszkowski, supra note 33, at 78 (footnote omtted), citing 1
Gecrc. W F. HeceL, LECTURES IN THE HiSTaRY oF PHLoscPHY 273 (E. S. Hal dane

trans., 1963). Borzeszkowski also chastises Hegel, who spends nuch
time on Lagrange, for having neglected Lagrange's Analytical
Mechanics, which, Borzeszkowski feels, would have been instructive.
Finally, Hegel wongly accused physics of asserting the self-
identicality of rest and notion and an inability to describe how one
changes i nto another. Borzeszkowski asserts that physics views
"rectilinear uniformnotion as being equivalent to rest."” I1d. at 80.

18 He terminates with this grand summary:

Its nature has been found to consist in this, that from an
equati on of power functions the coefficient of the term of
t he expansion, the so-called first function, is obtained,
and the relation which this first function represents is
denonstrated in nonents of the concrete subject matter



Hegel thinks it to be an advance that the i ntegral cal cul us no I onger
views itself as a nmethod of summati on. 186

The integral cal culus, "as everyone knows," i s the converse of the
differential calculus. (295) The starting point is the derived
function, and one travel s back tothe "primtive"® function fromwhich
the first function is derived.

What i s the nmeaning of the primtive fornmulathat theintegral
cal cul us di scovers? The rati o of the absci ssa and the ordi nate. The
gifLFrential cal cul us, onthe ot her hand, deals only with the ratio of

yl *x.

The usual nethod of the integral calculus is use of the
infinitesimal difference. Thus, the areaunder acurveisinfinitely
dividedupinto "trapezia" (296)--that is, trapezoi ds whose paral | el
sides are the ordi nate (y,) and anot her ordi nate (y,;) infinitely close
(separated by *x). The unparallel sides of the trapezoid are the
abscissaand the curveitself. The area under the curve is thus the
rectangl e entirely under the curve, plustheright trianglesitting
atop the rectangl e, forned by the absci ssa, the ordi nate and t he arc.
"[ T] he square of the arc el enent i s supposed to be equal to t he sumof
the squares of the two other infinitely small elenments." (296)188

The primtive fornmula derived from a function taken as a
derivativeis the area under the curve that the fornul a expresses. ¥

t hese nonents being thensel ves determ ned by the equation
so obtained between the two relations. (294)

To translate, calculus reveals a relation--*y/*x. The differentials
(*x and *y) are the qualitative noments in Quantum

186 | nt egral cal culus stands basically for the area under a
curve. One view of it is that integral cal culus adds together the
infinitely narrow rectangles that run fromthe curve to the abscissa.
This vision of summati on, however, is what Hegel is rejecting.
According to Boyer, "[t]he definite integral is defined in
mat hematics as the limt of an infinite sequence and not as the sum
of an infinite nunber of points, lines, or surfaces." Bover CaLcuus,
supra note 115, at 50.

187 Hegel calls this the "original formula." (297)

88 This is an extrenely |l oose interpretation of Hegel's rather
mystifying interpretation. In order to conpensate for the curve's
failure to be parallel to the abscissa, the integral cal culus takes
the average of the two ordinates and fornms a rectangle, which is
roughly bisected by the curve. This corresponds to taking the area of
the rectangle entirely below the curve, plus the "right triangle"
that sits atop this rectangle.

189 This can be seen as follows. Take a primtive function, such
x2. *y/*x = 2x. Integral calculus now describes the primtive
as y f2x*x. This | ast expression (f2x*x) represents the ordinate
(y=x2 + c) tinmes the abscissa (*x). In short, the area under the
curve is divided into infinite quasi-rectangles, as defined by the



The derivative constitutes the "quadrated curve" at the top of
infinitely narrowtrapezoi d under the curve. But, Hegel conpl ains, the
i ntegral calculus mechanically notes the relation between the
derivative andthe primtive--that these constitute a proportion. It
"spares itself the troubl e of denonstratingthe truth of what it sinply
presupposes as a fact." (297) The integral cal cul us has "found out from
results al ready known el sewhere, that certai n specific aspects of a
mat hemati cal object stands in the relation to each other of the
original to the derived function.” (297)

Intheintegral calculus, theprimtivefunctionis derived. The
derivation is given. But it is

not directly given, nor isit at once evident which part or
el ement of the mathematical object istobecorrelatedwth
t he derived functionin order that by reducingthistothe
original function there may be found t hat ot her part or
el ement, whose nmagnitude i s required to be determ ned. (297)

In other words, a ratio is fornmed between the derivation and the
primtive, but the sides of theratioare not really described by the
i ntegral cal culus. "The usual method"” is to assigntothe derivative
the status of theinfinitely small. (297) This derivative (taken as the
t op of the trapezoi d whose si des are t he ordi nat e and whose bottomi s
*x) produces aright triangleof threeinfinitely small sides--the
derivative as hypotenuse, the ordi nat e and absci ssa as t he ot her two
sides. This triangle, together withthe rectangle belowit, nmake upthe
area under the curve, oncethetotality of such trapezoi ds are sunmed.

The transition fromsuch so-cal l ed el enents of the area, the
arc., etc., tothe nmagnitude of the total area or the whol e
arcitself, passes nerely for the ascent fromtheinfinite
expressiontothe finite expression, or tothesumof the
infinitely many el enents of which the required magnitudeis
supposed to consist. (298)

That is, *x or *y represent infinite, qualitative nonents. Yet the
i ntegral cal cul us makes finitewhat is truly infinite--a Notional
fault. For this reason, "[it] istherefore nmerely superficial tosay
that the integral calculus is sinply the converse . . . of the
differential calculus.” (298)

Lagrange. Lagrange did not snooth out these problens. "The
decl ar ed obj ect of his nethod” was to "provi de an i ndependent proof of
t he fact that between particul ar el enents of a mat hemati cal whol e, for
exanpl e, of acurve, thereexists arelationof theoriginal tothe
derived function."” (298) In other words, Lagrange undertook to prove
the truth of integral cal cul us, but coul d not proceed directly, because
t he derivative contains "ternms which are qualitatively distinct"--that
is, *x or *y, which are not quantities. Al that can be shownis "the
mean between a greater and a less." (298) That is, the integral

ordinate tines the abscissa. Such is the neaning of the expression
f2x*x. The integral sign (f) indicates summation of all these quasi-
rectangl es, thereby enconpassing all the area under the curve.



cal cul us al ways t akes a rectangl e defi ned by *x at the base and t wo
infinitely close ordinates as the vertical sides. These sides are
averaged, sothat, intheresultingrectangl e, the average ordinateis
al ways too great or too small for the area under the curve. Fromthis
it is "deduced" that "the function of the ordinate is the derived,
first function of the function of the area. (298)1%

Archimedes. Hegel sees Lagrange transl ating Archi nedean princi pl es
into nmodern terms. Archi nedes taught that

the arc of acurve is greater thanits chord and small er
than the sumof the two tangents drawn through the end
poi nts of the arc and cont ai ned bet ween t hese poi nts and t he
poi nt of intersection of the tangents. (299)1°!

Ar chi medes' net hod was, through repetition, torender the difference
bet ween arc and t he chords or tangents snmal |l er and smal | er t hrough
subdi vi si on. 192

190 Hegel puts it this way:

From t he devel opnent of the condition that the required
magni tude is greater than the one easily determ nable
limt and smaller than the other, it is then deduced that,
e.g. the function of the ordinate is the derived, first
function of the function of the area. (299)

It is generally true that the differential calculus views the curve
as the first derivative of the area under the curve. That is, the
plane is rendered into a line by differential calculus.

91 Visually, this is obvious. Hegel describes the follow ng
figure:

[AIl illustrations are set forth at
the end of this manuscript.]

Arc Between Chords and Tangents

192 Ar chi medes was inportant in the history of the cal cul us.
Bover, CaLcuus, supra note 115, at 50-53. Archi nedes cal cul ated the
area under the above arc by finding the area of the triangle, which
we will call A He then took the lines XZ and YZ as the bases of two
new triangles with their vertex on the curve. The areas of these
triangles was found to be % of A. Again, each side of these new
triangl es becane the bases of newer triangles, whose area was
calculated to be Yaof the prior triangles. This was continued so |ong
as patience held out. The sumof all the triangles constituted the
area under the arc. Archinmedes calculated this to be

A(Ya+ V2 + %3 . . . Y1) = (4/3)A



"[T]he formalismof theinfinitesimal directly presents uswith
t he equati on *z2 =*x2 + *y2 " Hegel wites (299). This nust be taken
as an exanpl e of the Pythagoreantheorem andit reflects the fact that
the i ntegral cal cul us measures i nfinitesi mal changes at the top of each
infinitely narrowtrapezoi d beneath a curve. Lagrange, starting from
this prem se, showed that "the | ength of the arc is the original
functionto aderived function whose characteristictermisitself a
function comng fromthe relation of aderived functiontothe original
function of the ordinate.” (299) Inother words, thereis acircular
relationtodifferential andintegral cal culus. Differential cal cul us
produces the derivative fromthe primtive, and i ntegral cal cul us
produces the primtive fromthe derivative. 1%

The hi gher the value of n, the nore the answer approached (4/3)A.

193 Antoni o Moretto reads Hegel as pointing to Lagrange's
apagogi ¢ reasoning (reasoning by process of elimnation). Lagrange
assuned a curve, y = f(x) > 0. The area under this curve, bounded by
the ordi nate, abscissa and sonme value of y, is F(x). Assune y is
i ncreasing between x and (x + i). Now let us isolate the area under
(x +1) - xas F(x +1i) - F(x). It is true that

(1) if(x) < F(x + i) - F(x) <if(x +1i)

This expresses the fact that the height of the ordinate--f(x)--tinmes
the increment in x (i) is less than the height of the ordinate
further on time the increnent--or if(x + i). In other words, f(x) is
rising over this interval. Meanwhile, the area of the interval --F(x +
i) - F(x)--is an average of the rectangles described solely by if(x)
or if(x +1i).

Lagrange next uses the Newtonian binom al expansion, supra note
144, but truncates the series. He stipul ates:

(2) f(x + 1) =1(x) +if"(x +])

Strictly speaking, the binom al expansion nmethod inplies that the
very last termof (2) is if'(x), but j is defined as 0 <j <i. In
other words, j is an increnment smaller than the small est increnent.
Basically, (2) as rearranged states:

(3) [f(x +i) - fT(x)]/i =71"(x +7])

The expression in (3) sinply says that the slope (f'(x
ratio of the difference between the ordinates f(x + i)
by the abscissa (i).

Next, Lagrange expands F(x + i) but truncates the series at the
end of the third term of the expansion.

+j)) is the
- f(x) divided

(4) F(x +1i) = Fx) +iF(x) +i?2F'(x +j)/2
(2) and (4) are now substituted into (1) to obtain

(5) iI[F(x) - f(x)] +i?F"(x+j)l2<i?"(x+])



Bot h Archi nmedes' s net hod and Kepl er's "treat nent of stereonetric
obj ects"% entail use of the infinitesimal, and this prestigious
heritage, Hegel conpl ains, "has often beencited as an authority for
t he enpl oynment of thisideainthedifferential cal culus." (299)1% "The
infinitesimal signifies, strictly, the negation of quantumas quant unf
(299)--the propositionthat, Hegel repeatedly charges, mathemati ci ans
do not confront. The net hods of Val eri 0'®® and Caval i eri 1° get better
mar ks. Their work centered on the rel ati ons between geonetri cal
objects. "[T] he fundanental principleis that thequantum as such of

Lagrange now draws attention to [F (x) - f(x)]. He reasons
(apagogically) that either [F' (x) - f(x)] =0, or it does not. If
not, (4) does not hold universally. Hence, by apagogic reasoning,
F'(x) - f(x) =0, or F(x) = 1f(x), and thus integral calculus is
vi ndi cated. Moretto, supra note 65, at 158-59.

The expression in (5) can be usefully interpreted if we divide
both sides of the inequality by i and then solve for i. W get:

(6) i >[F(x) - f()I/[f" (x+j) -(F"(x+])/2)]

If I can think of an i larger than the left side of the inequality,
then (1)--true by definition--is true only if F (x) - f(x) = 0.

That Lagrange was guilty of alternation between a segnent too
| arge and a segnent too small can be seen in (1), where if(x) < if(x
+ i). Neverthel ess, Hegel praises Lagrange's nethod

because it proves an insight into the translation of the
Archi mnedean nmethod into the principle of nodern anal ysis,
t hus enabling us to see into the inner, true neaning of

t he procedure which in the other method is carried out
mechani cal ly. (299)

In other words, Archinmedes' nmethod was literally exhaustive and
mechani cal , but Lagrange was able, albeit through apagogic reasoning,
to calculate the area under a curve w thout exhaustion

194 Stereonetry is the art of measuring solids.

195 Hegel may be thinking of Sinon L'Huilier, who, in a "prize-
wi nni ng essay" of 1787, proposed that "the nethod of the ancients,
known under the nane of Method of Exhaustion, conveniently extended,
suffices to establish with certainty the principles of the new
cal cul us." Bover, CaLcuus, supra note 115, at 255 (citing L'Huilier's
Exposition élementaire des principes des calculs supérieurs).

19 Luca Valerio is the author of De Centro Gravitatis Solidorum.
In this work he anticipated the notion of |imt |ater adopted in
cal cul us. Bover, Cacuus, supra note 115, at 104-07.

197 Buonavent ura Cavaliere was a student of Galileo who favored
use of the indivisible. 1d4. at 117. Boyer describes Cavalieri as not
sharing "the Aristotelian view of infinity as indicating a
potentiality only . . . " Id.



t he obj ects concerned, which are primarily consideredonly intheir
constituent relations, isfor this purposeto beleft out of account,
t he obj ects t hus bei ng t aken as non-quantitative." (299-300) They fal
short, however, of bringingtotheforethe "affirmative aspect"” or
"qualitative det er m nat eness" of *x (300). 1% Thi s aspect will be nade
explicit, Hegel prom ses, in his discussionof the Rati o of Powers,
with which Quantity finally concludes. Lagrange, however, is credited
withbringingthis affirmative aspect tonotice, "withtheresult that
t he procedure whichis burdened with an unlimted progressionis given
its proper limt." (300)

Hegel concl udes this second | ongest of all remarks by reaffirm ng
that his goal is to describe the Notion, not toreformcal cul us as
such. I n any case, any review of calculus for its appreciation of
Quant um s Noti on woul d have been i nductive only (and hence of poor
truth content).

The subj ect matter of the cal cul us, Hegel says, is "therelation
bet ween a power function and the function of its expansion or
potenti ati on, because this is what i s nost readily suggested by an
insight intothe nature of the subject matter." (298) The cal cul us
readi |y exploits addition, |ogarithns, and "circul ar functions," but
these are nerely convenient to the enterprise--not essential. The
cal cul us has "a nore particul ar interest inconmon w ththe formof
series nanely, to determ ne those functi ons of expansi on whichinthe
series are called coefficients of theternms." (301)1° The cal cul us,
however, concernsitself withtherelationof theoriginal functionto
the coefficient of thefirst term The series ains at exhibiting a
nunber inthe formof asum Theinfinite ondisplayinthe series has
nothingincomonw ththe affirmative qualitative determ nation on
di splay in the cal cul us.

I nthe cal cul us, Hegel conpl ai ns, an expansi on occurs by nmeans of
the "the infinitesimal inthe shape of the increment." (301)2® But this
is achieved "externally,”™ by the wll of the mathematician.
Mat hemati ci ans do not devel op the notional inplication of *x. The
series, "whichin fact is not what is wanted"” by consuners of the
cal cul us, has the fault of produci ng "an excess"--a remi nder "t he
el i m nati on of which causes the unnecessary trouble." (301) Lagrange
favored the series and so had this difficulty. But Lagrange's nethod at
| east brought tonotice "what istruly characteristic of the calculus.”
(301) The forms of *x and *y are not forced i nto objects by Lagrange
Lagrange "directly denonstrated to which part of the object the
deter m nat eness of the derived function (function of expansion)
bel ongs." (301)

198 The affirmative nature of Quantum s quality beconmes a nmjor
theme in the next chapter. See infra text acconmpanying notes 220-32.

19 1t will be recalled that the derivative is, in effect, the
coefficient of the first term as in *y/*x = 5, where f(x) = 5x + c.
The Macl aurin series was |likewise an infinite series of the
coefficient of the first term See supra n. ---.

200 Thi s can be observed in the difference quotient, described
supra in the text acconpanying notes 110-11.



Remark 3: Further Forms Connected With the Qualitative
Determinateness of Magnitude

I n the previous Remar k, Hegel enphasi zed the qualitative nature
of theinfinitesimal. This qualitative di nension was present inthe
power function--a functioninvolvingx?2or ahigher power. Thereis a
weaker formas well, whichis the subject of this remark. This form
appears in the context of geonetry.

From the analytical side, power relations are formal and
honogeneous. "[T] hey signify numerical magni tudes whi ch as such do not
possess that qualitativedifference fromeach other." (302) But when
t hese concepts are used by geoneters, "the qualitative determ nat eness
of the analyticrelationis fully manifested as the transitionfrom
i near to pl anar determ nations, fromdeterm nations of straight Iines
to those of curves, and so on." (302)

Spati al objects, as Hegel had earlier enphasi zed, ' are by nature
"giveninthe formof continuous magni tudes. " (302) But they |ikew se
areto be taken as di screte. Thus, a planeis an aggregate of |ines,
the line an aggregate of points.

The procedure i n question derives the point fromthe line, or the
l'ine fromthe plane. Fromsuch a determ nati on, progress can be nade
arithnetically. (For exanpl e, given a point designated as 5, theline
5x + c¢c can be derived through the integral calculus.) The starting
point is sinple, conparedtothe concrete, continuous magnitude that is
derived. It isinmportant, however, that the starting point be self-
determ ned. That is, the point is without dinensions. It is not
"determned," but rather determnes itself. The point, then, |ike¥x,
is qualitative. 202

Hegel calls the summati on of pointsintoalineor linesintoa
pl ane t he "di rect nethod."” (303) This nmay be conpared to t he i ndirect
met hod that beginswithlimts; betweentheselimtsliethe self-
det erm ned el enent as t he goal toward whi ch t he net hod advances. In
ot her words, if we nmy speak of the area of the circle, B is an
infinite series. Hence the area of acircle (Br? only approaches t he
limt (becauseB is never conplete). Betweenthelimt and Br2there
is al ways a remai nder. The result in both methods cones to t he sane
thing--the lawfor progressively determ ningthe required magni t ude
wi t hout the possibility of reaching the perfect, finite determ nation
demanded.

Kepl er has the honor of first having thought toreverse this
process and of having startedwith the discrete as the starting point.

201 see supra text acconpanying notes 26.

202 1t will be recalled that the point as automatically
generative of the line first appeared in Hegel's discussion of Limt
in chapter 2. The point that immedi ately goes outside of itself may
fairly be called quantitative, but to the extent it logically
produces the |line proves that the point is inmmune from external
reflection and therefore also qualitative. On the point as I|eading
fromthe derivation of tinme fromspace in Hegel's phil osophy of
nature, see Lawrence S. Stepel evich, Hegel's Geometric Theory, in
HeceL AnD THE PH LosoPHY oF NATURE (St ephen Houl gate ed., 1998).



He expresses this quite sinmply in analyzing Archi medes' first
proposition of cyclometry.?3 Accordingtothis first proposition, "a
circleis equal toaright-angledtriangle with one side beingthe
| ength of the [radius] and the other the circunference of thecircle
(where these two sides are joined in the right angle)."?2% Kepl er
interpretedthistoneanthat the circunference hasinfinite pointsin
it, each of which could be regarded as the base of an isosceles
triangl e.?% The apex of each triangle isthe center of the circle.
Thus, the circle becones an infinite set of extrenely thin "pie
slices," and the area coul d t hus be cal cul ated. ?%® "[H] e t hus gi ves
expressiontothe resolution of the continuous intothe fromof the
di screte.” (303) This descriptionof theinfinite, however, "is still
far removed from the definition it is supposed to have in the
differential calculus.” (303) Discrete elenents

can only be externally summed up . . . [T]he analytic
transitionfromthese onesis made only totheir sumandis
not simul taneously the geonetrical transition fromthe point
to the line or fromthe line to the plane. (304)

Thus, Hegel inplies that only specul ative phil osophy can drawfrom
di screte points or linethe continuous quality that they have with
lines or planes. 2%

A nonent of qualitative transition occurs, whichentails recourse
totheinfinitely small. This recourse, Hegel says, isthedifficulty.
To di spense with this expedient, "it woul d have to be possi bl e t o show
that the anal ytic procedure itself which appears as a nere summation,
in fact already contains a multiplication." (304)

But such an adm ssion involves a fresh assunpti on about the
application of arithnetical relations to geonetrical figures. According
tothis assunption, arithnetical nmultiplicationconstituteatransition
to a hi gher di nension. Thus, thenultiplicationof |ines produces a
pl ane. (For exanple, the area of a square with side x is x2.) Here
mul tiplication is not nerely an alteration of magnitude, but the
production of aqualitative spatial character. Repeating thenes from
earlier chapters,?® Hegel insiststhat "thetransitionof thelineinto

203 Cyclometry is the nmeasurenment of circles.

204 M1ller erroneously wites "dianeter"” instead of radius. Since
the circunference is 2Br and the radius is r, and since the area of
the right triangle is A2Br)(r), the result is Br? the area of a
circle.

205 An isosceles triangle is one that has two equal sides. [?]

206 See Mbore, supra note 112, at 139-41.

2071t can be noted here that Archimedes' sinple nmethod does not
rely on the infinitesimal, but Kepler's nethod does so rely--a
Hegelian fault. Mretto, supra note 65, at 160.

208 see Carl son, supra note 2, at 520-23.



a pl ane nust be understood as theself-externalization of theline."
(304) Li kewi se the point externalizesitself intotheline andthe
pl ane into a vol une. 2%

Wthregardtothetransitionfrompl ane to vol une, Hegel remarks
that the self-externality of a plane (two di mensi on) shoul d i nvol ve t he
mul tiplication of a plane by a plane, thereby creating a four-
di mensi onal object. "[Geonetrical determnation," however, reduces t he
di mensions tothree.” (305) This is because space, "represented as an
expansi on outward fromthe point," is "a concrete det erm nat eness
beyond theline in the third di nension.” (305) Hegel suggests t hat
Kepler's law(s®=at??° has a spatial side, whichis geonetrical, and
a tenporal side which is nmerely arithnetical

"It will now be evident," Hegel observes, "w thout further
comment, howthe qualitative el enent here considered differs fromthe
subj ect of the previous Remark." (305) Inthe power relation at the
heart of notional calculus, "the qualitative element lay in the
det er m nat eness of power." (305) This point rel ates to what Hegel w ||
say of the Ratio of Powers in the next chapter: when xix = 16, X
determ nes itself, solong as 16 stays fixed. This sel f-determ nation
isqualitativeinnature and stands for Quantum s recapture of its
bei ng, which was entirely external at the beginning of Quantity.

The Quality present ingeonetryisdifferent. "[Here, likethe
infinitelysmall, it isonlythefactor asarithnmeticallyrelatedto
t he product, or asthe point tothelineor thelinetothe plane, and
so on." (305) The qualitative transition fromthe discretetothe
continuous "is effected as a process of summtion.” (305)

Thi s summati on, however, does inply nultiplication. This cones
into viewwhen the area of a trapezoid (or "trapezium" as Hegel's
translator callsit) issaidtobethe sumof two opposite horizontal,
paral l el lines, divided by two, tinmes the height.?21 The height is
represented to be the set of infinitelines which nust be summed up.
These | i nes "nust at the sane ti me be posited with negation."” (306)
That is, they are so infinitely narrow that "they have their
determ nation solelyinthelinear quality of the parallel limts of
the trapezium" (306) These trapezoi ds "can be represented as the terns

209 "This," Hegel states, "is the sanme as the representation of
the line as the motion of the point, and so forth." (304-05) Motion,
however, includes a determ nation of tinme and thus appears in this
representation rather as nmerely a contingent, external alteration of
state.” (305) This is not so "fromthe standpoint of the Notion which
was expressed as a self- externalization.” (305)

200 't will be recalled that s stands for the sem mpjor axis of
an ellipse, and t stands for the tine of the orbit. See supra n.181.

211 Hegel's formula is "the product of the sum of two opposite

parallel lines and half the height." Were the parallel lines are {a,
b} and distance between a and b is h, the fornmula is
(a + b)h

2



of an arithmetical progression, having a sinply uniformdifference
whi ch does not, however, require to be determ ned, and whose first and
| ast terns are these two parallel lines."?2 (306) The sumof such a
series, Hegel, explainsis "the product of the parallels and half the
amount Or number of terms." (306) This product is "the specific
magni t ude of sonet hi ng whi ch i s continuous”--the hei ght of trapezoids
wi t hout wi dth. (306) This sumcan be viewed as the " multiplication of
lines by lines." (306) That is, the sumis a geonetric area--"sonet hi ng
having the quality of a plane.” (306) Inplicatedis "the qualitative
el ement of the transition fromthe di mension of linetothat of plane.”
(306)

The nmet hod of representing planes as suns of linesis al so used
when multiplication is not entailed. Hegel considers this formula

circle - nmRjor axis
ellipse m nor axis

where the dianeter of the circle is the same | ength as the mgj or
axi s. 23 Each ordi nate of the circl e thus corresponds to an ordi nat e of
the ellipse. Therelation of the correspondi ng ordinates is the sane as
t he

maj or _axis
m nor axi s

Therefore, the sumof all the ordi nates nust beinlike proportion.
Hence, proportionality |ikew se nakes the | eap fromdi screteness to
continuity. "[T] o be swayed by t he representati on of a pl ane, " Hegel
remarks, "or to help it out by adding the idea of sumto this one
nmoment, isreally tofail torecognize the essential mathemati cal
el ement here involved." (306)

Cavalieri. Hegel returns to Cavalieri, whoreceivedrelatively
good mar ks for resistingthe quantification of *x.?2“ Cavalieri used
indivisibles (i.e., qualities), rather than infinitesimls. The
i ndi vi si bl es were |i nes when he consi dered a pl ane, and squares or
circles when he considered a three dinensional object. These
i ndi visibles he called the regul a.

Hegel quotes Cavalieri as follows:

212 Hegel does not have in mnd the trapezoid that forns an
el ement of a definite integral here. He has in mnd a trapezoid with
real area and, further,nore, tipped on its side so that the parallel
i nes are horizontal.

213 Such a figure | ooks like this:

Circle and Ellipse with Common Diameter and Major Axis

214 gee supra text acconpanying notes ---.



all figures, both plane and solid, are proportionateto all
their indivisibles, these bei ng conpared wi th each ot her
collectively and, if thereis aconmon proportionin the
figures, distributively. (307)

By thi s means, Cavalieri proved the propositionthat parall el ograns of
equal hei ght are proportional totheir bases.?® Two |l i nes fromt hese
figures that are equidi stant fromand parallel tothe base have the
sane proportion as the two bases have. The | i ne, however, Hegel states,
is not presented by Cavalieri as "t he whol e content of the figure."
(308) Rather, thelineisthecontent only "insofar asit is to be
arithmetically determined.” (308) Properly, "itisthelinewhichis
t he el ement of the content and through it al one nust be grasped the
specific nature of the figure."” (308)

Hegel nowreflects on "the di fference which exists with respect
to that featureinto whichthe determ nateness of afigure falls."”
(308) Thisisthefigure s external limt. Wiere t he det erm nat eness of
afigureisanexternal limt, thecontinuity of thefigure" follows
upon the quality or the proportion of thelimt." (308) When the
boundary of two figures coincide, the figures are equal. In
paral | el ograns of equal hei ght and base (and hence of equal area),
however, only the baseis anexternal limt. The hei ght, upon which
proporti on depends, "introduces a second principle of determ nation
additional tothe external limts." (308) To prove that parall el ograns
are equal when t hey have t he sane base and hei ght, Euclid reduced t hem
to triangl es--continuous figures Iimited externally." (308) In
Cavalieri's proof of the proportionality of parallel ograns, Cavalieri
was careful to state that we never know the anount of lines in a
paral | el ogram - an anount Hegel nanes "an enpty i dea assuned i n support
of the theory." (308) Cavalieri only spoke of the magnitude of
proportional |ines. Because t he space of the parall el ogramwas encl osed
withinlimts, the magnitude of thelines was |ikew se encl osed within
the same | imts. Hegel paraphrases Cavalieri as saying, " the continuous
figure is nothing other than the indivisibles themselves. . . if it
were sonething apart fromthemit would not be conparable.”™ (309)

According to Hegel, Cavalieri neant to distinguish "what bel ongs
tothe outer existence of the continuous figure fromwhat constitutes
its determinateness. "™ (309) In constructing theorens about the figure,
we nust attend to the determ nateness alone. In stating that "the
continuous is composed or consists of indivisibles,"” Cavalieri
inplicitly located continuity of the figure as external tothe figure.

[1] nstead of saying that 'the continuous is nothing other
than t he i ndi vi si bl es t hensel ves,"' it woul d be nore correct
and also directly self-explanatory to say that the
gquantitative determ nat eness of the continuous i s none ot her
than that of the indivisibles thenselves.

215 Actually, any line within the parallelogram of course, wll
be of the sane length as the base. Therefore, it follows that |ines
equi di stant fromthe base of their parallel ogram woul d, of course,
bear the same proportion.



I n other words, continuityisinmmnent totheindivisibleitself, a
fact to which Figure 11(a) speaks directly. Neverthel ess "Cavalieri
does not support the erroneous conclusionthat there are greater and
| esser infinites whichis drawn by the schools fromthe ideathat the
i ndi vi sibles constitute the continuous." (309) Cavalieri says that he
t ook t he aggregate of indivisibles not as aninfinite nunber of |ines,
"but insofar as they possess a specific kindof |imtedness." (309)
Any proofs by Cavalieri arefree from"any adm xture of infinity."
(309) Hi s met hod reduces to "t he concepti on of determn nateness as an
external spatial limt." (309)

Wth regard to the coi nci dence of geonetric figures, it is, Hegel
says, a "childish aid for sense perception.” (309) In fact, if
triangl es are congruent, we have only one triangl e before us. This
singularity of thetriangleisits true qualitative determ nateness,
"inits distinction fromwhat is given in intuition." (310)32%

Wth paral |l el ograns, Hegel observes that the hei ght and equal ity
of the angl es are distinct fromthe sides ("the external limts") of
the figure. (310) This givesriseto an uncertainty. Besides t he base,
are we to take the vertical side of the parall el ogramas an ext er nal
limt, or the height? If we conpare a square with an extrenely acute
paral | el ogramwi th t he same base and hei ght, the parall el ogrant'’ may
| ook bi gger than t he square. The side of such a parall el ogrami s i ndeed
| onger than the side of the square. Such a | onger |ine my seemto
| aunch "nore" infinitelines than the shorter side of the square. "Such
a conception, however, i s no argunent agai nst Cavalieri's nethod."
(310) The aggregate of parallel lines imagined in the two
par al | el ograns presupposes t he equi di stance of the conpared | i nes from
their base. Fromthis it foll ows that the height, not the side of the
paral |l el ogram is, with the base, the determ ning nonent. 28

216 The point here is that Euclidean geonetry "has not entirely
freed itself frombeing enbroiled in what is sensory: the congruence
of plane figures is reduced to the possibility of superposition, and
sinply by neans of the figures' being noved with a rigid notion."
Moretto, supra note 65, at 153, According to Mretto:

Nowadays we can appreci ate the datedness as well as the
validity of his observation. By neans of the nodern
procedures of abstract al gebra, we can now say that when
two sides of a triangle and the angle between them are
given, the class of all the infinitely many triangles
congruent to that given, is unanbiguously defined."

Id.

217 The M Il er translation errs by calling the acute
paral |l el ograma "triangle." (310)

218 Hegel bids us to conpare two parall el ograms having the sane
hei ght and base but not lying in the sane plane. Rather, the plane of
one figure is at an angle fromthe plane of the second figure. If a
third plane cuts through the parallelograms, the lines fromthe one
paral | el ogram are not equidistant fromthe |ines of the other.



Hegel finally concludes. The intention of foregoing remarks onthe
cal cul us, he says, "has been to bring to notice the affirmative
meani ngs whi ch, inthe various applications of theinfinitely small in
mat hematics, remain so to speak in the background." (312) In the
infinite series, as well as in Archi medean cyclonetry, theinfinite
means this: "thereduction of thearctothe straight |ine cannot be
effected."” (312) Presumably this means t hat cal cul us cannot be achi eved
by purely arithmetic means.

Adistinction, Hegel says, is introduced between the conti nuous
and t he di screte whi ch makes t he conti nuous appear as if it does not
possess any quant um 2'° ( For exanpl e, t he nunmber of pointsinaline

This image | eads to Hegel's nediation of a dispute over
i ndi vi si bl es between Cavalieri and Andreas Tacquet (who lived in
early seventeenth century Holland). According to Carl Boyer, Tacquet
deni ed that objects of a higher dinmension could be viewed as made up
of elenents of a |ower dinension. Bover, Cacuus, supra note 115, at
139-40 (calling this criticismjustified). Wth regard to a cone
formed by a right triangle enconpassing the axis, the two apparently
di sagreed as to which |line should be taken as the discrete el enent
that determ nes the surface of the cone. According to Tacquet's
obj ection, Cavalieri's atom stic method represents the triangle of
the cone to be conposed of lines parallel to the base and
perpendi cul ar to the axis. These lines are radii of the circles of
whi ch the surface of the cone is made. If this surface is taken to be
the sumof all the circles, "such a result clashes with the truth
formerly taught and denonstrated by Archi nedes"--that a cone is
formed by revolving the hypotenuse in a circle around the axis. |saac

Barrow (whose work was "tainted with the assunption . . . that a
curvilinear triangle . . . may be equated with a rectilinear
triangle if both are infinitely, that is, very small,"” (311)) answers

this objection by Tacquet. To determ ne the surface of the right
angl ed cone, it is not the axis but the hypotenuse of the triangle of
t he cone which nust be taken as the line that, when it spins around
in acircle, generates the surface. Presumably, the point here is
that, since the axis is shorter than the hypotenuse, it generates
fewer lines than the hypotenuse, and this is what contradicts
Archi medes' privileging of the hypotenuse.

One may fairly ask why Hegel, in a work that unfolds the very
spirit of the universe, felt conpelled to nediate di sputes such as
this.

219 At this point, Hegel sets forth this apparently nystifying
sent ence:

This difference appears arithmetically as a purely
quantitative one, that of the root and power, or whatever
degree of powers it may be; however, if the expression is
to be taken only quantitatively, for exanple, a:a? or d.a?
= 2a:a? = 2:a, or for the law of descent of a falling
body, t:a? then it yields the neaningless ratios of 1:a,
2:a, 1l:at; in supersession of their nerely quantitative
aspect, the sides would have to be held apart by their



segnment cannot possi bly be assi gned, because there areinfinite points
there.) By breaking down continuous objects into discrete
infinitesimals, the difference appears to be quantitative. Intruth,
the difference is qualitative. If the magnitude of one line is
mul tiplied by the magni tude of another, we have "the qualitative
alterationof thetransitionfromlineinto plane; andto that extent
a negative determ nation cones intoplay." (313) That is, qualitative
alterationobliterates, whereas quantitative alterati on does not. For
this reason, theintroduction of theinfinite, thereby quantifyi ng what
shoul d be qualitative, "only serves to aggravate [the difficulty] and
prevent its solution.™ (313)

If I have any readers | eft at this point, they may finally nove
on to consider a nercifully short chapter 6 on quantitativeratio,
whi ch, of course, stands for a qualitative relation.

ITI. Quantitative Relation

Quantumis aninfinite being. It changes quantitatively but, as
it changes, it remains what it isqualitatively. As Hegel descri bes
Quantum (as it stood at the end of chapter 5):

The infinity of quantumhas been determ ned to the
stage where it i s the negative beyond of quantum which
beyond, however, is contained withinthe quantumitself.
This beyond is the qualitative nonment as such. (314)

At this stage, Quantumis a unity of the qualitative and the
gquantitative. Thus, chapter 6 (that is, thethird chapter of Quantity)
is achapter of Specul ati ve Reason, just as chapter 4 representedthe
Under st andi ng and chapter 5 represented Di al ecti cal Reason.

Quantumat this advanced stage isratio. Quantitativeratiois
"the contradictionof externality and self-relation, of the affirmative
bei ng of quanta and their negation.” (315) Its distinct featureis that
itis"qualitatively determned as sinplyrelatedtoits beyond." (314)
Quantumi s conti nuous with this beyond, and the beyond i s anot her
Quantum The rel ati on bet ween Quanta, however, is nolonger externally
i nposed. These quanta have recaptured anintegrity that nore primtive
Quantum di d not have. In becom ng other, these quanta return to
t hensel ves, because they are as nuch O her as they are t hensel ves. Once
again we have a preview of the typical nove of reflection, which
returnstoitself everytinmeit expelsits other (bringing, under the

different qualitative significance, as s = at? the
magni tude in this way being expressed as a quality, s a
function of the magnitude of another quality.

In the above sentence "d.a?" is peculiar. | have interpreted "d." to
mean *a?/ *a = 2a, and "d.a?" neans 2a:a? Furthernore, | take "t:a®"
to be a msprint, stemming fromthe German addition. Properly this
shoul d be "t:at? " or time as conpared with acceleration. The entire
sentence states that a and a? for instance, or t and at? are
qualitatively different, but if these are made into quantitative
rati os, they are the nmeaningl ess expressions of 1/a, or 1/at.



| aws of subl ation, the expelled material withit). This noveinplies
t hat t he essenti al sel fhood of the Quantumi s as nmuch inthe other as
itisinitself. Thus, Hegel wites, "what each is, it is in the
other." (314) Furthernore:

t he other constitutes the determ nateness of each. The
flight of quantum away from and beyond itself has now
t herefore this nmeaning, that it changed not nerely into an
other, or intoits abstract other, intoits negative beyond,
but that in this other it reached its determ nateness,
finding itselfinits beyond, which is another quantum
(314)

Her e Hegel inplies that Quantumcannot di stinguishitself w thout the
aid of the O her. Therefore, the Oher is as nuch the stuff of self as
it is Oher. Hence, in distinguishing Oher, Quantum finds itself.?220

The qual ity of Quantum then, is"its externality as such.” In
rati o, "the quantumis nowposited as havingits determnatenessinits
externality, inanother quantum and as beinginits beyond what it
is." (314)

At stake here is not just one Quantumand its beyond (anot her
Quantum), but therelation between these two quanta. Thus Quantum”i s
not only inaratio, but it isitself posited as a ratio."™ (314) Each
extrenme, then, has to be taken as a singularity and also as a
mediation. It isasif [1] or [3] isinplicitly [4-7]. The extrenes
have grown concrete.

In its singularity, ratiois "a self-enclosed totality and
indifferent tolimt." (314) Quantumexpresses its totalitariani sm"by
containingwithinitself the externality of its determ ni ng and by
beinginthis externality related only toitself."” (314) In short,
Ratiois aninfinite beingthat enconpassesits owm other (asinfinite
bei ngs al ways do).

Hegel concl udes his short introductiontoratio by describingthe
three sections intowhichchapter 6 is divided. First, we have D rect
Rati o. Here the qualitative noment is not yet explicit. Rather, it
still shows the retrogressive node of havingits externality outside
itself. Direct Ratio shows all the defects of the Understandi ng. Second

220 I n this passage, Hegel echoes perhaps the npbst fanpus
passages he ever wote--the Lord-Bondsman dialectic in the
Phenomenology. Georc W F. HeceL, PHENoveNoLcey oF SPIRT (A. V. Ml er
trans. 1977). In this dialectic, two warriors try to subjugate each
ot her. One succeeds and becones the master, the other the slave. But
the master discovers that the other is truly hinmself. The master is
t hus reduced to dependency. Likewise, in ratio, Quantum attenpts to
di stinguish itself by expelling the Other, only to find that the
Ot her is as nmuch itself as itself is.

Errol Harris calls "The Quantitative Relation or Qualitative
Rati 0" a chapter that is "nore technical than phil osophical. ErrRa E.
HARR'S, AN | NTERPRETATION OF THE Loa ¢ oF HeceL 140 (1983). But perhaps
he underestimates its inportance. In any case, the Ratio of Powers,
with which the chapter ends, is a very lucid and powerful
denonstration of the qualitative nmonent in the heart of Quantity.



islndirect Ratio, or Inverse Rati o. Here Di al ecti cal Reason hol ds
forth. Anodul ati on occurs here between t he quanta as t hey negat e each
ot her. Third, we have the Ratio of Powers ( e.g. x2=y). Here quantum
(x) reproducesitself. Whenthis mddletermis posited as a sinple
determ nati on, we have reached Measure--the unity of Quantity and
Quality. At this nonent, therightward | eani ng chapters of Quantity
give way to the centrist chapters of Measure.

The cul mi nation of this chapter, then, isthe Rati o of Powers-- x?
=y. The mddleterm however, is adefinitionof the absolute. Shall
we say, then, that the universe (y) i sx?? Yes, in asense, if xstands
for some "thing"” (or Unit). This chapter--Quantitative Relation--in
effect argues that all "things" define all other things, evenwhile
remaining athing-in-itself. Hegel is therefore describing a universe
of deeply contextual unitary "things."

A. The Direct Ratio
Direct Ratio can be drawn as foll ows:

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 17 (a)
Direct Ratio

In Figure 16(a), Direct Ratiois, as Hegel affirns, i nmedi ate. Yet the
ratiois neverthel ess expressly arelation of quanta. Theratiois
det erm ned by t hese quanta, and so the determ nateness of theratio
lies in an other. Yet Direct Ratio also has its beyond and its
ot herness inside itself as well, as it is, by now, an infinite

Direct Ratioisitself a Qantum Hegel insistsoncallingthis
t he exponent - - a conf usi ng choi ce of words. For nat hemati ci ans, where y?
= x, 2is the exponent. What Hegel neans by it, however, is sinply the
rel ati on between t he t wo quant a maki ng up the rati o. Mat hemati ci ans
woul d commonly call thisrelationthe "product."? Thus, if xly = 16,
Hegel calls 16 the exponent.

As a Quantum the Direct Ratiois the unity of Unit and Amount,
per the | aws of subl ation. Unit stands for being-for-self, and Anmount
stands for "theindifferent fluctuation of the determ nateness, the
external indifference of quantum” (315) Earlier, Amount and Unit were
nmoment s of Quantum Now, each of themare quanta on their own. Hence,
aninfiniteregressis beforeus. Every quantumis in turn an Anount
and Unit, which areinturnquanta. Inshort, we have passedintothe
real mof the quantitative infinite.

The exponent of the Direct Ratiois, as Figure 17(a) indicates,
a "sinpl e det er m nat eness” --a paradox because det er m nat enesses are
conpl ex. Neverthel ess, this coheres with the conpl ex-but-sinplenature
of the extrenes at this stage of the Logic. Thus, the exponent is a
Quantum As such it is conpl ex--an Anount. The exponent is al so sinple
and hence qual itative--a Unit. Hegel explains the qualitative nature of

bei ng.

221 See 320-21 ("the exponent, sinply as product, is implicitly
")

the unity of unit and anmount



t he exponent as fol l ows. Take a/b =2. If an outsi de force determ nes
that b =5, then the exponent determ nes that a = 10. This power of the
exponent over its partsis the exponent's qualitative nature at work.
Thus, Hegel can wite that the determ nateness of the sides of the
ratiolies beyonditself. Thereis but one determn nateness common to
both sides of theratio, andit |ies beyondthe sides andis|locatedin
t he exponent.

The two sides of the ratio thus work to constitute a single
Quantum -t he exponent. It follows, then, that each sideis |ess than
Quant um conpared to t he exponent. These sides are reduced to Unit and
Anmount .

But didn't Hegel just tell us that each side was a Quant unf? Wy
now say that each side is less than Quantun®? I n order to enphasize
that, at this | ate stage, outside force cannot sinply haveits way with
t he sides of the ratio. The exponent disciplines the sides of the
ratio. Theintegrity of theDrect Ratiothereforeinpliesthe servile
dependence of the sides.

Hegel referstothisinconpleteness of the sides as a negati on.
What this means is that the sides of the ratio are no |onger
i ndependent . Thus, the exponent of theratiolays claimtothe quality
and the sides of the ratio are the negative to that quality. They
enbody quantitative difference.

But does this not mean that the exponent?2?2 is conpl ete? Hegel
deni es this. The exponent (quotient) is still either Unit or Anount.
Hegel gives this exanple: if AB=C andif we measure this expression
internms of B(i.e., BistheDirect Ratio), andif Ais deenmed Unit,
the quotient Cis the Anbunt. If Ais the Amount, Cis "the unit which
tothe amount Ais requiredfor the quantumB."” (316-17) O, to further
illustrate the exanples, if AB=C, then AC=B. Hence, the quoti ent
Ccan take B's placewith ease. C, therefore, is "not posited as what
it ought to be. . . the ratio's qualitative unity." (317)

B. Inverse Ratio

| f Figure 17(a) enphasi zes the i medi acy of theratio, it isthe
job of Figure 17(b) to enphasi ze t he i nconpl et eness of the rati o, which
Hegel has nanmed a sign of negativity.

[AIl illustrations are set forth at
the end of this manuscript.]?22

222 Here he calls it "exponent as quotient." (316)

222 In this sense, | disagree with Mire's anal aysis of Direct and
I ndirect Ratio, the sumtotal of which is as foll ows:

In Direct Ratio . . . the two quanta unified in the

const ant exponent increase or dimnish toegther. In

Indirect Ratio they vary inversely and so in closer

relation.

G R G Mxrg, THe PHLosoPHY oF HeGeL 120 (1965). It is hard to sustain
the view that the two sides of the Indirect Ratio are in "closer



Figure 17 (b)
Inverse Ratio

The fault of Figure 17(a) was that it was supposed to be i medi at e and
i mmune fromout si de mani pul ati on, but was not. An external reflection
had t o det er mi ne whet her t he quoti ent was t he exponent or whet her it
was one of the subordi nate sides. Thus, inC=A/B, Cis exponent. But
it is likew se Unit/Amunt, because A/C = B.

In the Inverse Ratio, the exponent is sonme fixed Quantum
Apparently, we arenot tonultiply C=A/Bby B/C, which woul dreveal
t he exponent to be no different fromthe Unit/Amount. Rather, we areto
consi der t he exponent as fi xed--as Unit only. Thus, where Ais deened
the Unit and Bor Cthe Amount, we sol ve for A and obtain A=BC. In
such a relation, B and C are in an inverse relationship. If B
increases, C nust fall in value. 2%

If Inverse Ratiofixes Aandrefusestolet it descend fromits
exponency to becone a nere side of theratio (i.e., by multiplying A=
BCby 1/Bor 1/C), why is it appropriateto showlnverse Ratiointhe
positionof [3] inFigure 17(b)? Hegel explains that, inthe lnverse
Rati o:

t he exponent . . . is posited as negativetowards itself as
guantumof the ratio, and hence as qualitative, asalimt--
withtheresult that the qualitative nonent i s manifested
i ndependently and i n distinct contrast tothe quantitative
moment . (318)

The negativity of the exponent justifies |abelingthelnverse Ratio as
[2, 3] in Figure 17(b). Inaddition, inexpressingthe qualitative
nonent, D al ectical Reasonis drawing from[1l]--a Quantum-its history
inQality. Thus, thefixity of the exponent inthelnverse Ratiois an
i deal Quality--a rooted sorrow plucked fromthe nenory of [1].
The nature of alteration has changed in the Inverse Ratio,
conpared to the Direct Ratio. Where C=A/B, either Aor Bis Unit.
VWhen Unit isincreased, Amount is increased. 22 Neverthel ess, Ccoul d
i kewi se be made Unit, since A=C/B. Inthe Inverse Rati o, however,
t he exponent staysinits place, and alteration "is confined within the
ratio, and this arbitrary quantitative fluctuation, too, islimted by
t he negati ve det er mi nat eness of the exponent as by alimt." (318) In
short, thefixity that is characteristic of Inverse Rati oresenbles

relation,” when the function of the Indirect Ratio is to enphasi ze
the qualitative difference between either side and the exponent.

224 This is equally true of C = A/IB. Here, if A increases, 1/B
nmust decrease.

225 Here, in discussing alteration in the Direct Ratio, Hegel
divorces A and B fromthe ratio and i magi nes that one of themis
i ncreased, and hence the other is increased. |f, on the other hand,
he viewed A and 1/B as the sides of the ratio, the relation between
these sides of the ratio are inverse.



Limtation in Figure 5(b). In Limtation we |earned that the
"determ nate being of sonething[1l] liesinertlyindifferent, asit
were, alongsideitslimt [2]." (132) But, since[2] isinternal to[1,
2], thefinitebeinglimtsitself. Theinplicationof Limtation was
that thefinite being "ought” to sublateitself. Here, theinplication
isthemrror opposite. Now, prom scuous Quantum”ought" to sustainits
integrity. Yet it still needs an external reflectionto holdfixedthe
exponent .

Hegel now makes t hree poi nts about I nverse Ratio, inorder "to
consider nore closely [its] qualitative nature."(318) (1) The I nverse
Rati o represents an affirmati ve nonent. Because it has been fixed, it
is now"better" thanits parts. But (2) negativityisstill contained
withinit. The Inverse Ratio displaysitself "as self-determ ning, as
alimt of itself withinitself." (318) Inother words, thelimt of
I nverse Ratio, taken as [3], is [2], which is neverthel ess within
I nverse Rati o and hence a self-limtation. Thus, thelnverse Ratiois
"an i mredi at e magni tude as a simple determ nateness” [3]. (318) It is
i kewi se a determ nateness, inwhich [3] experiences[2] asalimt. In
ot her words, if A=BC, then Ais theinmmediacy, but Bor Cis alsothe
internal limt tothe other side of theratio. Meanwhil e the sides (B
and C) both have within thensel ves their unitywith A Furthernore, B
and Careinplicitlyidentical toitheir other. Whatever is true of

one--its power tolimt the other--is true of the other as well. Yet
(3) itislikewi setruethat the exponent is negativetothe sides "and
isthelimt of their reciprocal limting." (319)

Each side, then, "hasits Iimitw thinthe exponent." (319) Each
side is al so the negative of the other. One becones smal |l er as t he
ot her becones greater. Because of this, each side "continues itself
negatively into the other,” (319) thereby proving itself to be an
infinite being that is bothinitself and out of itself. Each side
therefore contains, andis containedby, its other. That is to say,
each side "is neasured by [the other], for eachis supposedto be only
t hat quant umwhi ch the other is not." (319) Thus, Hegel introduces the
i dea of Measure for the first time. Measure will stand for the
inability of either side of the syllogismto define itself.

The continuity of one sideintothe other constitutes theunity
of the two sides. This continuity nust be vi ewed as a noti on, and so we
are on the verge of our next step--the step of Specul ati ve Reason. At
this point, theunityis nerelyin-itself. Thisin-itself isto be
di sti ngui shed fromt he magni tude t hat t he si des happen to have. Each
sideonly is"tothe extent it takes fromthe other a part of their
common in-itself, the whole. But it cantake fromthe other only as
much as wi I | make its own self equal tothisin-itself." (319) In other
wor ds, each side givestothe other side, not its quantitative nature,
but its qualitative nature of self-equality.

But thereisalimt as to hownuch each si de can take fromthe
other. "[I]t can take fromthe other only as much as wi ||l make its own
self equal tothisin-itself."” (319) That is, sincethe sides of the
ratioareinterestedinrecapturing Being-for-self, each side takes
fromthe other only enough to be equal to the other. Thus, in the
expressi on xix=y. The first x determ nes the val ue of the second. The
second therefore takes its being fromthe first. But where it takes
only so much as i s necessary to be equal, then each xgains animmunity
frommani pul ati on by t he mat hemati ci an, so | ong as t he exponent y stays



fixed.

Each side of the Inverse Ratio, then, "limts the other andis
simultaneously limtedbyit."” (319) Yet oncethe side of theratio
achievesitsin-itself--its potential--it establishes its independence
fromthe other side. "[T] he other magni t ude becone zero." (319) It
vani shes.

Qovi ously this point cannot be taken mat hematically. | ndeed, if
one side of the ratio (x) is zero, the other side (also x) must
l'i kewi se be zero, and xfx no | onger i s equal toy>0. Rather, the point
is that the first x enjoys Being-for-self. If so, then it is
indifferent tothe second x, whi ch then can be vi ewed as a nothing--a
voi d.

Hegel writes:

Thus each side is the contradiction between its
determnationas thein-itself, i.e. as unity of the whol e,
which is the exponent, andits determ nati on as nonment of
theratio; this contradictionisinfinity againin afresh,
peculiar form (319)

Her e Hegel seens to be saying that the side of the rati o has recaptured
its being and therefore isthe whol e. 226 Now x det er m nes t he exponent .
Yet it isstill the side of aratio and quantitative. x both stays
withinitself and goes outsideitself andis thereforea Truelnfinite.

But t hese t houghts | ook ahead to the rati o of powers ( xix=16).
Hegel still has some nore points to make about the I nverse Ratio
(xfy=16) . Hegel nowenphasi zes that, inthe lnverse Ratio, thereis a
l[imt upon x and y. Neither can becone zero. If, for exanple, xwereto
be set at zero, the exponent woul d be destroyed. x coul d, however,
becone infinitely close to zero w t hout destroying the exponent. The
exponent, then, is the limt to the sides of the ratio.?¥

The infinity in x as it approaches but never reaches zero is
strictly spurious. xis"itself finite, is bounded by its opposite, by
the finitude of each side and of the exponent itself and is
consequently only approximation.” (320) But the bad infinityis "here
positedas what it is in truth, nanely, as only the negative moment in
general ." (320) Thi s negativity belongs to the sides of theratio and
constitutes animmunity fromnat hemati cal mani pul ation. This imunity
isthe Being-in-itself of the sides of theratio, or, as Hegel putsit,

226 This woul d be so as a specul ative matter because the sides of
the ratio are [2], which in turn becomes the whole in the next step
of Specul ati ve Reason.

221 Geonetrically, x and y are in a hyperbolic relation and could
portrayed as foll ows:

[AIl illustrations are set forth at
the end of this manuscript.]

Hyperbola



"their finitude, as their sinple alterableness, isrelatedtothisin-
i tsel f which, however, remains absol utely di stinct fromthemas their
negation."” (320) Sincethis spuriousinfinityis the beyond of quanta,
and sinceit is nowposited as in the quantumthat make up a si de of
the ratio, Quantum has now official recaptured its being.

The I nverse Rati o has nowtransfornmeditself tothe next stage,
but before that stageis described, Hegel sunmari zes t he nature of the
I nverse Ratio. It was a relation of "an i nmedi ate quantuni (x) to
anot her such quantum (y) "in such a way that its increase is
proportional tothe decrease of the other."” (320) This was a negati ve
rel ati on bet ween the quanta. Athird magnitude--the exponent--was t he
"comon limt of thistheir fluctuatingincrease." (320) Inthe |l nverse
Ratio, the fluctuation"is their distinctive character--incontrast to
the qualitative nonent as arfixedlimt; they have the character of
variable magni tudes, for which the saidfixedlimt isaninfinite
beyond. " (320)

The beyond of the inversely proportional quantais arixedfinite
gquantum This fixity is "beyond" the quantitative nature of the quanta
and so is the qualitative element. Nevertheless, this fixity has
si mul t aneousl y "devel oped as a nedi ation of itself [3] wwthitself in
itsother [2]." (320) Inother words, fixity createsalimt tothex
and y--a Spurious Infinity. Thisislocatedinthe sides of theratio
[2] but nevertheless inside the ratio [2, 3].?2%#

Hegel summarizes the Inverse Ratio as foll ows:

The general result can be indi cated by sayi ng t hat the
whol e, as exponent, isthelimt of thereciprocal limting
of bothterms andis therefore posited as negation of the
negation, hence as infinity, as anaffirmativerelationto
itself. (320)

Thus, the exponent islimt tothe sides and the sides are |ikew se
limt tothe exponent. The negation of the negationis, precisely, the
refusal of either sideto di sappear and becones zero. Alimt is now
| ocated inthe sides of theratio. These sides negatethe fixity of the
rati o. Nowt he si des speak for thensel ves as to what they are (within
the confines of the externally fixed exponent).

228 At this point, there seens to be a serious msprint in the
MIller translation. From Struthers and Johnson, | aminterpreting the
foll ow ng sentence:

We have found and nust coordinate the determ nations
that this infinite Beyond exists as a present and finite
(but optional) Quantum and, further, that its fixity (by
virtue of which it is thus related to the quantitative as
infinite Beyond) which is the qualitative el ement of Being
only as abstract self-relation, haas devel oped itself
within itself as mediateon of itself in its O her, nanely
the finite nonents of the Ratio.

HeceL' s Saence oF Loac 339 (WH. Johnston & L. G Struthers trans.,
1929) .



The exponent is the product of x and y, and as suchis " implicitly
the unity of unit and amount." (321) As such, the sides of theratio
[2] iswthin the being of the ratio [2, 3]. Hence, the ratio is
"implicitly related to itself." (321)

Nevert heless, xand yfluctuate at the wl| of the mathenati ci an,
whi ch evi dences "the externality of quantitative being." (321) But the
ratiohasits qualitative nonents. These include the fixity of the
rati o (which the mat hemati ci aninsists upon), the inclusionof the
sides of the ratio [2] in the ratio itself [2, 3], and "the
identification of the exponent with itself inits self-external
otherness." (321) Presumably this nmeans that t he exponent i s i mmune
frombei ng determ ned by t he si des of the ratio. They change, but the
exponent stays fi xed.

O the sides, Hegel nakes two final points: (') The rati o has an
"affirmative aspect,” (321) whichis presumably the "bei ng" of the
| nverse Ratio--its fixity. Yet, because each side of the rati o cannot
be raised to equality with the exponent, each sideis, in a sense,
"fixed." This fixity--theinability of xor yto equal 16--means that
each side "is implicitlythe whol e of t he exponent,” (321) sincethe
| nverse Ratiois all about fixity.?®°Yet () the quanta have a negati ve
nmonent--theinability to be equal to the exponent. The exponent limts
them This limt expresses itself as a Spurious infinite, as the
mat hemati ci an strives to make x or y equal to zero. This resistanceto
mani pul ation i s "the negation of the self-externality of the exponent."
(321) Thisresistanceis |ikew se comunicatedtotheratio, whichis
therefore "posited as preservingitself andunitingwithitself inthe
negati on of the indifferent exi stence of the quanta, thus beingthe
determ nant of its self-external otherness."” (321)

C. The Ratio of Powers

The Ratio of Powers is shown in Figure 17(c):

[AIl illustrations are set forth at
the end of this manuscript.]

Figure 17 (c)
Ratio of Powers

229 This "equality" of a given side of the ratio with the
exponent justifies Professor Miure's remark:

In Ratio of Powers, where one [i.e., the exponent] is a

hi gher power of the other [i.e., a side of the ratio],
they relate, If I follow Hegel, so closely that they are
fully equivalent to the exponent, and the total expression
is true infinity.

MRE, supra note 12, at 120. A True Infinite becones other and
remai ns the sanme. Hence, the sides becone the exponent, in the sense
that each is fixed. Fixity stands for quality here.



Hegel says of the Rati o of Powers (xix=16, for exanple) that it is a
"quantumwhich, inits otherness, isidentical withitself and which
determ nes t he beyond of itself." (321) That i s, given the requirenent
of x°, the onexdetermnesitself andits other. At this point, Quantum
"has reached the stage of being-for-self."” (321) Here "quantumis
posited as returned to itself." (322)

Inearlier stages, we coul d never tell whether x or ywas Unit or
Amount. Now x = x, so that Unit is Amount. For this reasonthe Ratio of
Powers is "posited as determ ned only by theunit." (322) The quantum
(x) may undergo alteration, whenit is raisedto a higher power, "but
in so far as this alteration is a raising to a power, this its
otherness is limted purely by itself." (322)

Hegel refers tothe Rati o of Powers as qualitative yet external --
an apparent contradi cti on. Wiere the exponent is fixed, the variabl e x
i s determ ned by the ot her x. Hence, its determ nateness i s external.
But x is equally internal: "this externality is now posited in
conformty with the Notion of quantum as the latter's own self-
determining, asitsrelationtoits own self, asitsquality." (323)
"[I]nsofar asthe externality or indifference of its determ ning
counts," (323) the Ratio of Powers is still Quantum At this nonment it
"is posited simply or immediately." But al so at this nonment "it has
becone t he ot her of itself, nanely, quality." (323) I n goi ng outside
itself, Quantumstays withinitself, "sothat in this very externality
quantum is self-related' and hence "is being as quality." (323)

Inthe Rati o of Powers, the exponent, |ike the sides of theratio,
has changed. It "is no | onger an i nmedi at e quantum " (322) Rather, "it
isof awhollyqualitative nature." (322) But the quantitative aspect
is preserved as well. According to this quantitative nature, the
negativity toward ( i.e., i ndependence fron) outsi de mani pul ation (i.e.,
the quality of the Quantum is not nerely i medi ate. Rather, this
Det ermi nat e Bei ng of the Quantum”i s posited as continuedintoits
ot herness; for the truth of quality is just this, to be quantity,
i mredi at e determ nateness as sublated."” (322)

We have present ed xix=16 as an exanpl e of the Rati o of Powers. In
it, xis unalterable, and thus x has recapturedits Quality. But isit
not the case that outside forces can erase 16 and choose, say, 25
i nst ead, thereby changi ng x? O course, Hegel adm ts, but neverthel ess
the Rati o of Powers "has a cl oser connection with the Notion of
guantum " (322) Init, Quantumhas reached the full extent of its
Noti on "and has conpletely realized it." (322) It expresses the
distinctive feature of Quantum which Hegel describes as follows:

Quantumi s the indifferent det er mi nateness, i.e., posited as
sublated, determ nateness as alimt whichis equally no
[imt, which continuesitself intoits otherness and so
remai ns identical with itself therein. (322)

Wiy is Quantum a determ nateness? It will be recalled that
Det er mi nat eness was anot her name for Linmt.230 1t stands for aunity of
bei ng and not hi ng. So Quantum as Nunber, is the unity of Ampunt
(being) and Unit (nothing). Nunber--an early version of Quantum -was

230 Carl son, supra note 2, at 519.



indifferent toits Quality. It depended on external reflectionto
det erm ne which of its parts was Anount and whi ch was Unit. But now
that indifference is sublated. Nunber is nowthe Rati o of Powers, which
resi sts outside mani pul ati on. Neverthel ess, Amount and Unit are
i ndi sti ngui shabl e preci sely because they are equal (x =x). Each side
of the ratio stays what it is and yet it determnes itself inits
other. It both "remains identical withitself" and goes outside itself.

The Quality of Quantumis also saidto be "the difference of
itself fromitself." (322) Howis this so? If we contenpl ate, xix = 16,
clearly the first xis distinguishablefromthe second x, if only by
the very difference of |ocation each has on this printed page.
Nevertheless, x = x, and so, if the first xis different fromthe
second x, it is different fromitself. It is noself-identical entity,
whi ch, to Hegel, is a great phil osophical error (until the Absol ute
| dea achi eved self-identity on the |ast page of the Logic).

To have a selfhood that isdifferent fromitself is what it nmeans
for Quantumto be aratio. At first, in D rect Ratio, ratio showed
itself inanimediate form There, "its self-relationwhichit has as
exponent, incontrast toits differences, counts only as the fixity of
an anount of theunit." (322) Presumably, this nmeans that, in Direct
Rati o, wherethe Unit is fixed, Anount is fixed. Inthe lnverse Rati o,
t he exponent is only in principle the determ nant of the sides of the
ratio. Infact, xand ycan fluctuate greatly, but they never quite
becone zero. For this reasonthe exponent is affirmativeinthat it has
an i ndependence fromits sides. That is, the Quantumwhi ch i s exponent
relates itself to itself.

A summary. Hegel nowsunmmarizes the entire journey that Quantity
has nade--a journey that is now at an end. Quantity was at first
opposed to Quality. But Quantity was itself a Quality--"a purely self-
rel at ed det er m nat eness di stinct fromthe determ nateness of its other,
fromquality as such." (323) Ironically, Quantity | earned to resi st
Quality, andinitsresistance, it showeditself tobeaQuality. By
hatingits other, it becameits other. "Quantity . . . isinitstruth
the externality whichis nolonger indifferent but has returnedinto
itself." (323)

But Quantityisnot only aQality. "[I]t isthetruthof quality
itself." (323) Wthout Quantity, there could be no Quality.

On t he bri nk of Measure, Hegel notes that a doubl e transition was
necessary. Not only does one det erm nat eness continue into the other
but t he ot her det erm nat eness continues i ntothe origi nal one. % Thus,
Quality is contained in Quantity, "but this is still a one-sided
det erm nat eness. " The converseis true as well--Quantity i s contai ned
in Quality. "This observation on the necessity of the double
transition," Hegel remarks, "is of great i nportance throughout the
whol e conmpass of scientific nmethod." (323)2%

The entity inwhich Quality and Quantity coexi st as equal entities
is named by Hegel as Measure.

21 That is, in x? =y, x stays an x and determ nes the other
side of the ratio as x.

232 Thi s doubl e exchange is what was earlier called the "chiasmc
exchange of properties."” Carlson, supra note 2, at 468.



Remark

Hegel ' s study of Quantity ends with a short remark. Here Hegel
criticizes an unnamed phil osopher's description of the Notion. Inthis
phi | osophy, i medi ate Noti on was naned the first power. Rendered
determ nate, Notion was called the second power. Inits returnto
itself, whereinit isatotality, it was thethird power. Power used
here, Hegel states, bel ongs to Quantum They do not correspond to
Aristotle's dynam ¢ notions.

The power rel ation "expresses determ nateness in the formor
di fference which has reachedits truth." (324) But this Notional truth
is appropriate only for the primtive stage of Quantum It is not
appropriate for the Notion as such. "Di fferences which are proper to
guantumare superficial determ nations for the Notionitself and are
still far frombei ng determ ned as they areinthe notion." (324) In
the i nfancy of philosophy, Pythagoras used nunmbers to designate
uni versal distinctions, but thefirst throughthird powers referredto
above are little better than nunbers.

[Tloretrogress from[thought] determ nations to t hose of
nunber is the action of a thinking which feels its own
i ncapacity, athinkingwhich. . . makes itself ridicul ous
by pretending that this inpotence is sonething new,
superior, and an advance. (324-25)

It i s unhel pful, Hegel suggests, to borrow mat hematical terns to
describe the Notion. If these are nerely synbols for the true Noti on,
then the Notion would first have to be derived | ogically and t hen
synbol i zed. But, upon deriving the Notion, the synbols becone
super fl uous, as we woul d have before us the direct Notion. Use of nere
forms sinply evades "t he task of grasping the determ nati ons of the
Notion." (325)

Conclusion

"A main result of the science of logic is to repudiate
quantitative defintion of the absolute, andtoretrieve qualitative
defintion."2® Accross the "quantity" chapters, we have seen how an
excl usive quantitative perspective falls apart.

Being at first expelled otherness so that it could be all by
i tsel f--independent fromthe negative. But it discoveredthat, inthis
node, bei ng expelledall its content and becane Quantity. Quantity
stands for the very act of expelling all content.

Quantity di scovers, however, that it has anintegrity that it
cannot expel--alimt that preservesits content withinitself. "This
inability toreachits bourne Hegel descri bes as eine Ohbmacht des
Negativen- - a weakness of the negative--inthat what it abolises by its
own cancelling i mediately reasserts itself."23

233 CLARK ButLER, HEGEL' s Loa ¢ BemweeN Di ALECTIC AND Hi STORY 143
(1996) .

234 HaRRis, supra note 11, at 136.



Thi s reassertion of what is canceledis neverthel ess "other."
Hence, in Quantitative Infinity (Figure 16(a)), Quantumgoes outsi de
itself toabeyond. Theinfinitely bigor small nunber can never be
nanmed. Yet, in going beyonditslimt, Quantumdi scovers that its own
content i s beyondthelimt. Inthis sense, Quantumreturnstoitself
when it exportsits content totheother. Thisreturnw |l |ater be
calledreflection-into-self--the hall mark of Essence. For now, it can
be noted that t he nature of bei ng has changed. Whereas inthe first
t hree chapters bei ng constituted expellingthe negative, nowbei ng
constitutes expelling its own self and therefore, in this act of
expul sion, acconplishes areturntoitself. Thisreturnto self is
still inplicit and will remain soin the |last installnent of the
Doctri ne of Being--Masure.
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